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Abstract 

We investigate the generic distribution of bosonic and fermionic states at all 
mass levels in non-supersymmetric string theories, and find that a hidden "mis- 
aligned supersymmetry" must always appear in the string spectrum. We show 
that this misaligned supersymmetry is ultimately responsible for the finiteness 
of string amplitudes in the absence of full spacetime supersymmetry, and there- 
fore the existence of misaligned supersymmetry provides a natural constraint 
on the degree to which spacetime supersymmetry can be broken in string theory 
without destroying the finiteness of string amplitudes. Misaligned supersym- 
metry also explains how the requirements of modular invariance and absence 
of physical tachyons generically affect the distribution of states throughout the 
string spectrum, and implicitly furnishes a two- variable generalization of some 
well-known results in the theory of modular functions. 
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1 Introduction: Motivation and Overview of Results 



The distribution of states in string theory is an important but not particularly 
well-understood issue. It is well-known, for example, that string theories generically 
contain a variety of sectors, each contributing an infinite tower of states from the 
massless level to the Planck scale, and it is also a generic feature that the number of 
these states as a function of the worldshcct energy n grows asymptotically as e*^^ 
where C is the inverse Hagedorn temperature of the theory. Beyond these gross 
features, however, not much is known. For example, modular invariance presumably 
tightly constrains the numbers of string states at all energy levels, but a precise 
formulation of such a constraint is still lacking. Similarly, the distribution of bosonic 
and fermionic string states at all energy levels is crucial in yielding the ultraviolet 
finiteness for which string theory is famous, yet it is not clear precisely how the 
actual distribution of such states Icvcl-by-lcvcl conspires to achieve this remarkable 
result. Of course, if the string theory in question exhibits spacetime supersymmetry, 
both issues are rendered somewhat trivial: there are necessarily equal numbers of 
bosonic and fermionic states at every energy level, the one-loop partition function 
vanishes, and the divergences from bosonic states are precisely cancelled by those 
from fermionic states. Yet how does the string spectrum manage to maintain modular 
invariance and finiteness in the absence of spacetime supersymmetry? Alternatively, 
to what extent can one break spacetime supersymmetry in string theory without 
destroying these desirable features? 

In this paper we shall provide some answers to these questions, and in particular 
we shall demonstrate that even in the absence of spacetime supersymmetry, string 
spectra generically turn out to exhibit a residual cancellation, a so-called "misaligned 
supersymmetry". In fact, this property will turn out to be completely general, and 
will describe the distribution of bosonic and fermionic states in any string theory 
which is modular-invariant and free of physical tachyons. Moreover, we will also 
see that this result can be interpreted as the two-variable generalization of some 
well-known theorems in the mathematical theory of modular functions. Misaligned 
supersymmetry is therefore a general result with many applications, and in the rest 
of this introductory section we shall outline the basic issues and results. Details can 
then be found in subsequent sections. 

1.1 Motivation: Some Background Issues in String Theory 

In order to gain insight into the relevant string issues, we shall begin by discussing 
some of the questions raised above. 
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1.1.1 How does modular invariance constrain the numbers of states in 
string theory? 

Modular invariance is a powerful symmetry, arising at the one-loop (toroidal) level in 
theories with two-dimensional conformal symmetry as a consequence of the existence 
on the torus of "large" diffeomorphisms which are not connected to the identity. It 
is usually expressed as a constraint on the one- loop partition functions Z{t) of such 
theories; here r is the complex torus modular parameter, and modular invariance 
requires Z{t) = Z{t + 1) = Z{—1/t). This constraint is indeed quite restrictive, 
limiting the combinations of conformal-field-theory characters which can appear in 
the partition functions of modular-invariant theories. However, the partition function 
Z{t) also contains within it information concerning the net degeneracies of physical 
states at all energy levels in the theory. How then does modular invariance constrain 
these degeneracies? 

In order to formulate this question more mathematically, let us first review some 
basic facts about one-loop partition functions. Given a torus with modular parameter 
T and a two-dimensional field theory defined on that torus with left- and right-moving 
Hamiltonians H and H respectively, the one-loop partition function is defined 

Z(r) ^ ^Tr,(-l)^g^g^. (1.1) 

s 

Here q = e^'^*'^, the sum is over the different sectors s in the theory which are needed 
for modular invariance, the trace is over the Fock space of excitations with different H 
and H eigenvalues in that sector, and F is the spacetime fermion-number operator 
in the theory (= for excitations which are spacetime bosons, = 1 for spacetime 
fermions). Since these traces are simply the various characters Xt ^md Xj of the 
relevant underlying worldsheet conformal field theories, one can typically write Z in 
the form 

Z = ilmTy-^/'J2N,,x^iq)xM (1.2) 

where XiIq) ^^id Xji^) ^-^e characters of the chiral left- and right-moving conformal 
field theories, D is number of uncompactified spacetime dimensions, the summation 
is over the various contributing sector combinations and Nij is a coefficient 

matrix constrained by modular invariance. Different choices for Nij correspond to 
different theories. Since the modular transformation properties of the characters x 
are typically well-known, the modular invariance of (|1.2| ) is usually easy to verify. 
However, it is often useful to expand Z as a double power series in q and q: 

Z{q,q) = (Imr)i-^/2 ^ a^„rg" • (1-3) 

m,n 

Written in this form, each coefficient a^n is the net number of states or degrees of 
freedom in the theory with if-eigenvalue n and i7-eigenvalue m; typically m and n 
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can have both integer and non-integer values, and modular invariance requires that 
m — n (modulo 1) if ^ 0. By "net" we mean the number of spacetime bosonic 
degrees of freedom minus the number of those which are spacetime fermionic. While 
states with m = n correspond to actual physical ("on-shell") particles in spacetime, 
those with m ^ n (the so-called unphysical or "off-shell" states) do not contribute 
to tree-level amplitudes. Thus, it is the quantities {ann} for all n > which give the 
net degeneracies of physical states at all mass levels in the theory, and which form 
our object of interest. 

While it is usually quite straightforward to derive the constraints on A^^,- arising 
from modular invariance, it proves surprisingly difficult to see how these translate 
into a constraint on the net degeneracies {a„„}. Indeed, the generic behavior of 
{unn} required by modular invariance is almost completely unknown. Our result will 
provide such a general constraint. 

1.1.2 How does the presence of unphysical tachyons affect the balance 
between bosonic and fermionic states in string theory? 

A slightly more physical way of addressing the same issue is to focus instead on 
the tachyonic states which generically appear in string theory. Recall that since the 
worldsheet Hamiltonians H and H correspond to the spacetime left- and right-moving 
(mass)^ of the states, we see that states with m,n < correspond to spacetime 
tachyons. A theory is thus free of physical tachyons if a„„ = for all n < in 
its partition function. Note, in this regard, that the statement a„„ = for all 
n < actually implies the absence of all tachyons whatsoever, for there can never be 
fermionic physical tachyons in a unitary string theory. By contrast, a situation with 
no net unphysical tachyons merely implies that bosonic and fermionic unphysical 
tachyons occur in equal numbers. 

Now, it is well-known that any D > 2 string theory in which there are no net 
numbers of physical or unphysical tachyons must necessarily have equal numbers of 
bosonic and fermionic states at all mass levels: 

no net physical or unphysical tachyons 

<(=^ equal numbers of bosons and fermions at all levels . (1.4) 

This is ultimately a consequence of modular invariance, which in this simple case 
can be used to relate the numbers of very low energy states such as tachyons to the 
numbers of states at higher mass levels. However, while the requirement that there 
be no physical tachyons is necessary for the consistency of the string in spacetime, 
unphysical tachyons cause no spacetime inconsistencies and are in fact unavoidable in 
the vast majority of string theories (such as all non-supersymmetric heterotic strings). 
This is therefore the more general case. The question then arises: how do the bosonic 
and fermionic states effectively redistribute themselves at all energy levels in order to 
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account for these unphysical tachyons? To what extent is the dehcate boson/fermion 
balance destroyed? 

1.1.3 To what extent can one break spacetime supersymmetry without 
destroying the finiteness of string theory? 

A third way of asking essentially the same question is within the framework of string 
finiteness and supersymmetry-breaking. If we start with a string theory containing 
an unbroken spacetime supersymmetry, then there are an equal number of bosonic 
and fermionic states at each mass level in the theory {i.e., ttmn — for all m and n), 
and consequently we find Z — 0. This is of course trivially modular-invariant, and 
the fact that such theories have ann = for all n < indicates that they also contain 
no physical tachyons. These two conditions, however, are precisely those that enable 
us to avoid certain ultraviolet and infrared divergences in string loop amplitudes: 
modular invariance eliminates the ultraviolet divergence that would have appeared 
as T — > 0, and the absence of physical tachyons ensures that there is no infrared 
divergence as r — > icxo. For example, the one-loop vacuum energy (cosmological 
constant) A would ordinarily diverge in field theory, but turns out to be finite in any 
modular-invariant, tachyon-free string theory. Indeed, these finiteness properties of 
string loop amplitudes are some of the most remarkable and attractive features of 
string theory relative to ordinary point-particle field theory. 

If the spacetime supersymmetry is broken, however, the partition function Z will 
no longer vanish, and bosonic states will no longer exactly cancel against fermionic 
states level-by-level in the theory. However, we would still like to retain the finiteness 
properties of string amplitudes that arise in the supersymmetric theory. What resid- 
ual cancellation, therefore, must nevertheless survive the supersymmetry-breaking 
process? What weaker cancellation preserves the modular invariance and tachyon- 
free properties which are necessary for finiteness and string consistency? 

1.2 Overview of Misaligned Supersymmetry: The Basic Ideas 

It turns out that misaligned supersymmetry provides an answer to all of these 
questions: it yields a constraint on the allowed numbers of string states which arises 
from modular invariance; it describes the perturbation of the boson/fermion balance 
due to the presence of unphysical tachyons; and it serves as the residual cancellation 
which is necessary for string finiteness. Indeed, it furnishes us with a constraint on 
those supersymmetry-breaking scenarios which maintain string finiteness, essentially 
restricting us to only those scenarios in which a misaligned supersymmetry survives. 
In the remainder of this section we shall therefore briefly describe the basic features of 
this misaligned supersymmetry. Further details may be found in subsequent sections. 

The basic idea behind misaligned supersymmetry is quite simple. As we have said, 
ordinary supersymmetry may characterized by a complete cancellation of the physical 
state degeneracies a^n for all n, and this in turn implies that there are equal numbers 
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of bosons and fermions at all mass levels in the theory. In the more general case of 
misaligned super symmetry, each of these features is changed somewhat. First, the 
object which experiences a cancellation is no longer the actual net state degeneracies 
Gnn, but rather a new object called the "sector-averaged" state degeneracies and 
denoted (ann)- This is will be defined below. Second, just as the cancellation of the 
actual net degeneracies a„„ implied equal numbers of bosonic and fermionic states 
at every mass level in the theory, the cancellation of the sector-averaged number 
of states (ann) will instead turn out to imply a subtle boson/fermion oscillation in 
which, for example, any surplus of bosonic states at any energy level of the theory 
implies the existence of a larger surplus of fermionic states at the next higher level, 
which in turn implies an even larger surplus of bosonic states at an even higher level, 
and so forth. Such an oscillation is quite dramatic and highly constrained, and its 
precise form will be discussed below. 



1.2.1 The "Sector- Averaged" Number of States (a„„) 

We begin by describing the "sector-averaged" number of states (a„„) and its corre- 
sponding cancellation. In order to do this, let us first recall how states are typically 
arranged in string theory. 

As we have mentioned, the generic string spectrum consists of a collection of 
infinite towers of states: each tower corresponds to a different {i,j) sector of the 
underlying string worldsheet theory, and consists of a ground state with a certain 
vacuum energy Hij and infinitely many higher excited states with energies n = Hij+i 
where £ G 2. The crucial observation, however, is that the different sectors in the 
theory will in general be misaligned relative to each other, and start out with different 
vacuum energies Hij (modulo 1). For example, while one sector may contain states 
with integer energies n, another sector may contain states with n G 2 + 1/2, and 
another contain states with n e 2-1-1/4. Each sector thus essentially contributes 
a separate set of states to the total string spectrum, and we can denote the net 
degeneracies from each individual sector (i, j) as {a^n}^ where n G Z -|- Hij. Of 
course, for each sector (i, j) in the theory, these state degeneracies are simply the 
m = n coefficients within a power-series expansion of the corresponding partition- 
function characters: 

X.iq)xM = T.o^rq^ ■ (1.5) 

m,n 

Thus, the numbers of physical states a„„ in the entire theory can be decomposed 
into the separate contributions {af^n} fro^i each relevant sector (^, j) in the partition 



function ( |1.2|) . 

Now, the number of physical states at each mass level of a theory uniquely de- 
termines many properties of that theory, and in particular one such property which 
may easily be determined is its central charge (or equivalently its Hagedorn temper- 
ature). Specifically, for each sector (i, j), it is well-known that {a^nn} must grow 
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exponentially with n, 



a^^^ ~ An-^e^'°'^ as n ^ oo ; (1.6) 

here A and B are constants, and Ctot = ^/Th is the inverse Hagedorn temperature 
of the theory. Note that this inverse Hagedorn temperature Ctot receives separate 
contributions from the left- and right-moving underlying theories, Ctot = Cicft + Cnght, 
with each contribution directly related to the central charge of the corresponding 
theory via 

Cleft,right = ^T^\l^^^ ■ (1-7) 

Thus, given ( |1.6|) , the total inverse Hagedorn temperature Ctot of the theory can be 
easily determined by analyzing the growth of the degeneracies a^*^-*: 

log a^*-'-' 

Ctot = Cleft + Cright = lim . (1.8) 



It does not matter which of the contributing sectors is selected for this purpose, 
since each yields the same value Ctot- 

For each sector in the theory, let us now take the next step and imagine 

analytically continuing the set of numbers {a^n} t° form a smooth function (n) 
which not only reproduces {a^n} appropriate values n G 'E + Hij, but which is 

continuous as a function of n. Clearly these functions $*^*-'^(n) must not only contain 
the above leading Hagedorn-type exponential dependence, 

$fe)(n) = An-^e^'°'^ + ... , (1.9) 

but must also contain all of the subleading behavior as well so that exact results 
can be obtained for the relevant values of n. Indeed, these functions $*^*-'-*(n) may be 
regarded as the complete (and exact) asymptotic expansions for the {a^n}^ there 
exist straightforward and well-defined procedures for generating these functions [|, 0]. 
Note that in general these functions are quite complicated, and contain infinitely 
many subleading terms: some of these are polynomially suppressed relative to the 
leading term (pTOl ), and others are exponentially suppressed. These functions $*^*-')(n) 
will be described in detail in Sect. 2. 

Given that such functions exist, however, the "sector-averaged" number of states 
is then defined quite simply as a sum of these functions over all sectors in the theory, 

(a„„) = ^iV^,$(*^)(n) , (1.10) 



where Nij are the coefficients in ( |1.2|) . This sector-averaged quantity (orm) therefore 
differs quite strongly from any of the actual physical-state degeneracies a^^^ which 
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arise within a given sector, and differs as well from the total physical-state degen- 
eracies a„„ which appear in ( |1.3| ). Instead, (a„„) is a continuous function which 
represents their "average" as defined in ( |1.10| ). 



Our main result, then, is that although each sector has a number of states a^*^-* 
which grows in accordance with (|1.6D, this sector-averaged number of states {ann) 
must grow exponentially more slowly. Specifically, if we define Ceff in analogy to Ctot, 

_ \og{ann) ,^ 
Ceff = lim — — , (1.11) 

n-^oo 

then we must have 

Ceff < Ctot . (1.12) 

We shall prove this result in Sect. 3. Moreover, we shall in fact conjecture that Ceff 
vanishes identically, 

Ceff = , (1.13) 

with {ann) experiencing at most polynomial growth. This conjecture will be discussed 
in Sects. 3 and 5. 

These, then, are the cancellations implicit in "misaligned supersymmetry" , re- 
quired by modular invariance and necessary for string finiteness. Indeed, from ( |1.12| ), 



we see that the cancellation governing the string spectrum is sufficiently strong that 
not only must the leading Hagedorn terms ( p,.9D cancel, but so must all of the sub- 
leading terms within the ^^'^^\n) which are polynomially suppressed. The severity of 
this cancellation ( 1.12| ) thus implies that all traces of the original central charge of 



the theory are effectively removed in this sector-averaging process, with the sector- 
averaged number of states (a„„) growing with n as though derived from an underlying 
theory with a different central charge. Furthermore, if the conjecture ( |1.13|) is cor- 
rect, then in fact all exponential growth of (a„„) must be cancelled, whether leading 
or subleading. This implies that (a„„) should experience at most polynomial growth, 
and for spacetime dimensions D > 2 we shall in fact argue that even this polynomial 
growth should be cancelled. Thus in these cases we expect (a„„) to actually vanish 
as n — >• cxD. 



1.2.2 Boson/Fermion Oscillations 

The cancellation ( |1.12D has far-reaching implications, and in particular implies a 
corresponding "misaligned supersymmetry" with boson/fermion oscillations. We can 
perhaps most easily see how this emerges by considering a particular example, a toy 
string theory containing only two sectors. Let us therefore focus on the following 
model partition function 

Ztoy = (Imr)i-^/2 jiVi [A{q)rB{q) + N, [C(g)]*D(g)} (1.14) 
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where A, B,C, and D are any four characters corresponding to any chiral worldsheet 
conformal field theory, with chiral vacuum energies Ha,b,c,d respectively. For con- 
creteness, let us assume that Ha, Hb G 2, and Hq, Hd G 2 + |. We thus have two 
separate towers of states in this theory, with one sector {AB) contributing states 
with degeneracies {a\^^} situated at integer energy levels n, and another sector 
{CD) contributing states with deneracies {ol^rF^} at energy levels n G Z + 1/2. Let 
us furthermore suppose that these are the only two sectors in the theory (so that Z^^y 
is modular invariant), and that this theory has no physical tachyons (which requires 
that either Ha or Hb is non-negative, and that either He or H^ is non-negative). 
Then if <l>("^^)(n) and ^'^^^^n) are respectively the complete asymptotic expansions 
which correspond to the degeneracies a[^^ and a^^^ for these two sectors, then our 
result ( |1.12D asserts that a sufficient number of leading terms in $(^-^) and $('^^) 
must cancel exactly so that the rate of exponential growth of their sum is reduced. 
Explicitly, denoting all of these leading terms as ^^^^^^n) and ^^'^^\n) respectively, 
we must have 

Ni¥^'^\n) + N2¥^^\n) = 0. (1.15) 

It is important to realize that this result does not imply any direct cancellation 
between bosonic and fermionic states in this theory, for ( |1.15| ) represents merely a 



cancellation of the functional forms $^"^^^(7?,) and ^'^'-^^\n). Indeed, despite the 
result ( |1.15| ), the total physical-state degeneracies {a„„} for this theory do not vanish 
for any particular n. Rather, due to the misalignment between the two sectors in 
this hypothetical example, the actual values taken by the total partition-function 
coefficients a„„ as n — >• 00 are 



{ Ni¥^^\n) fornG Z 
"""" ^ \iV2l>(^^)(n) fornGZ + 1/2. ^ ^ 

Thus we see that there exists no single value of n for which the actual physical 
degeneracy a„„ is described by the vanishing sum A''i<l>^'^^) + N2^^'"^'^ ■ 

Perhaps even more interestingly, this result implies that we cannot even pair the 
states situated at corresponding levels in the {AB) and {CD) sectors, for while the 
net number of states at the level of the {AB) sector is given by A^i$('^^)(£), the 
net number of states at the level of the {CD) sector is given by N2^'^'"^\^+ \) = 
—Ni^^^^^ {i+^)- The two sectors thus "sample" these cancelling functions at different 
energies n = Hij + i, and it is only by considering these state degeneracies as general 
functions of — or equivalently by considering the "sector averaged" quantity (a„„) 
— that the cancellation indicated in (|1.15| ) becomes apparent. 



In Fig. 1, we have sketched a likely scenario for this toy model, plotting (as func- 
tions of energy n) both the physical-state degeneracies a„„, and their "sector- average" 
{ann}- Note that for the actual degeneracies a„„, we are plotting ± log;^o(krm|) where 
the minus sign is chosen if a„„ < {i.e., if there is a surplus of fermionic states over 
bosonic states at energy n). Although ann takes values only at the discrete energies 



9 



n G 2/2, we have connected these points in order of increasing n to stress the fluc- 
tuating oscillatory behavior that a„„ experiences as the energy n is increased. Note 
that for n G Z, the values of a„„ are all positive; these are the state degeneracies 
a^"^^-* from the {AB) sector alone. Similarly, the negative values of ann appear for 
n G Z + 1/2, and represent the individual contributions of^nrF^ from the {CD) sector. 
We have also superimposed the typical behavior of (a^ri), which, given its definition 
as a sum of asymptotic forms, is a continuous function of n. While the values of 
the individual a„„ experience exponential growth with C = Ctot, the cancellation 
(|1.12|) guarantees that {a„„) grows exponentially more slowly than ann, with a rate 



Ceff < Ctot- The sketch in Fig. 1 assumes that Ces = Ctot/4, but if ( |1.13| ) is true, 
then of course {ann) experiences no exponential growth at all and remains flat. 

As can be seen from Fig. 1, the immediate consequence of the cancellation ( [L . 1 2[ ) is 



that the net number of actual physical states a„„ can at most oscillate around zero as 
the energy n increases and as the contributions from different sectors with differently 
aligned values of n contribute either positively or negatively to the partition function 
Z. The wavelength of this oscillation is clearly An = 1, corresponding to the energy 
difference between adjacent states in the same sector, while the amplitude of this 
oscillation of course grows exponentially with n (since each individual $*^*-^^(n) retains 
its leading Hagedorn-like behavior). Thus, although the net number of states a„„ 
diverges as n — >■ cxd, it can do so only in a very tightly constrained manner, so that 
the functional forms which describe this leading asymptotic behavior have a sum 
which vanishes. 

We will see that this oscillatory behavior is in fact a generic consequence of our 
result, and appears in any modular-invariant theory which is free of physical tachyons. 
Thus, in analogy to (|1.4| ), we now have 

no physical tachyons <^==^ boson/fermion oscillations . (1-17) 

Conversely, the existence of such oscillations in the spectrum of a given unknown 
theory may well be taken as a signature of an underlying modular invariance [0]. 
Moreover, as we shall demonstrate in Sect. 5, these boson/fermion oscillations also 
serve as the general mechanism by which the finiteness of modular-invariant, tachyon- 
free theories is reflected level-by-level in the degeneracies of physical states. Of course, 
a non-trivial corollary of the result (|1.17| ) is that the absence of physical tachyons 



requires the presence of spacetime fermions. This explains why the bosonic string was 
doomed to have physical tachyons in its spectrum, and why the cure to this problem 
(a GSO projection) could only be implemented in the context of an enlarged theory 
{e.g., the superstring or heterotic string) which also contained spacetime fermions. 

Finally, of course, this result can also be interpreted as providing a tight constraint 
on the general pattern of supersymmetry-breaking in string theory. As we discussed 
above, in a spacetime-supersymmetric (and therefore tachyon-free) theory, bosonic 
and fermionic sectors contribute precisely equal numbers of states at each individual 
energy n; consequently we have ann = level-by- level, and the amplitude of our "os- 
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cillation" in this special case is zero. However, if the supersymmetry is to be broken in 
such a way that physical tachyons are not introduced and modular invariance is to be 
maintained (as we would demand in any physically sensible theory), then our result 
implies that one can at most "misalign" this bosonic and fermionic cancellation, intro- 
ducing a mismatch between the bosonic and fermionic state degeneracies at each level 
in such a way that any surplus of bosonic states at any energy level is compensated 
for by an even greater surplus of fermionic states at a neighboring higher energy level, 
leading to an even greater bosonic surplus at an even higher energy, and so forth. 
The magnitudes of these surpluses are of course tightly constrained, since the cancel- 
lation of the corresponding leading functional forms must be preserved. Thus, we see 
that this residual cancellation, this hidden "misaligned" supersymmetry, is another 
unavoidable consequence of modular invariance, and it would be interesting to see 
which classes of physical supersymmetry-breaking scenarios are thereby precluded. 
For example, we can already rule out any supersymmetry-breaking scenario in which 
the energies of, say, the fermionic states are merely shifted relative to those of their 
bosonic counterparts by an amount An; rather, we require a mechanism which some- 
how also simultaneously creates (or eliminates) a certain number $(ri + An) — $(n) 
of states at each level n so that the state degeneracies at the shifted energies are still 
described the same (cancelling) functional forms. Such a mechanism would clearly 
be highly non-trivial. In particular, "misaligned supersymmetry" is as yet only a 
result concerning the numbers of bosonic and fermionic states in string theory, and 
no dynamical symmetry operators or currents relating these misaligned states have 
been constructed. 

We have now completed our overview of our main results; the rest of this paper 
will provide details and examples, and is organized as follows. In Sect. 2 we shall 
first review the asymptotic expansions upon which our results rest, and in Sect. 3 we 
will prove our main theorem (|1.12|) and demonstrate that (|1.12| ) in fact serves as the 
two-variable generalization of a well-known theorem in modular function theory. In 
Sect. 4 we shall then provide some explicit examples of these cancellations and the 
corresponding "misaligned supersymmetry", and in Sect. 5 we shall discuss how this 
phenomenon may ultimately be responsible for the finiteness of string loop amplitudes 
by considering the case of the one-loop cosmological constant. We will also discuss our 
conjecture that in fact Ccg = 0. Our final comments concerning various extensions 
and applications will be presented in Sect. 6. 

Because our proofs and calculations will be presented in great detail, this paper is 
somewhat lengthy. We have therefore organized the rest of this paper in such a way 
that the reader unconcerned with the details of the asymptotic expansions n 
and willing to accept the result (|1.12| ) can omit Sects. 2-4 without loss of continuity, 
and proceed directly to Sect. 5. 
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2 Asymptotic Expansions for the Numbers of States 

In this section we shall briefly review the methods (originally due to Hardy and 
Ramanujan |^ and recently generalized by Kani and Vafa [^) for deriving the asymp- 
totic functions describing the physical-state degeneracies. We will concentrate on 
only those broad features of the derivation which will be relevant for our later work, 
leaving many of the technical details to be found in 0. 

The problem may be stated mathematically as follows. We are given a set of 
functions Xi(''"), = 1, forming an A^-dimensional representation of the modular 

group with modular weight k G 2/2. This means that for any transformation M = 
(^^ G SL(2, Z) and any r in the fundamental domain JF = {r : |Rer| < 1/2, Imr > 
0, |t| > 1} of the modular group, we have 

N 

UMt) = {cT + dfY.M^,xAr) (2.1) 

i=i 

where Mr = (ar + 6) / [cr + d) and where Mij is an x matrix in the representation 
space. We assume each function Xi to have a g-expansion of the form 

oo 
n=0 

where q = e^'^*'^ and all a^*-* > 0; thus each Xi is an eigenfunction of the transformation 
T : r — >■ r + 1 with eigenvalue exp(27r?ifj). We will also assume that our functions 
Xi are normalized so that each Oq'* = 1. Such functions Xi arise, for example, as the 
characters Tr of the various highest-weight sectors of conformal field theories with 
Hamiltonians H; the quantities Hi in ( p.2|) are then interpreted as the sector vacuum 
energies, which are related to the central charge c of the conformal field theory and 
its various highest weights hi > via 

Hi = hi - c/24 . (2.3) 

The al^\ on the other hand, are interpreted as the state degeneracies of the i^^ sector 
at excitation number n, and our goal is to derive asymptotic expansions for these 
degeneracies a^^ as functions of n. It is well-known that the leading asymptotic 
behavior of these degeneracies is of the Hagedorn form 

~ AiU-^^e^^^ asn^oo (2.4) 

where Ai, Bi, and Cj are constants, and in fact we will see that 

C^ = y^vr , = I - Ifc , A = ^ ie-''^'Sa) {^Y^''^' ■ (2-5) 
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Here Sn is the {i, 1) element of the representation matrix [as defined in ( |2.1| )] cor- 
responding to the modular transformation 5 = (^"^ , where j = 1 denotes the 
vacuum-sector or identity-sector character for which Hj = — c/24 (or hj = 0). Note 
that the product e^^^/'^Sn is always real and non-zero. There are, however, an infi- 
nite number of additional subdominant and subleading terms in the complete (and 
often exact) asymptotic expansions of the physical-state degeneracies, and we will be 
seeking these complete expansions. 

The derivation proceeds in two basic steps. The first is to invert ( p.2| ), extracting 
the degeneracies a^*^ through a contour integral: 



aW = — S dq ^l'^' (2.6) 

where the contour C is any closed counter-clockwise loop encircling the origin once 
and remaining entirely within the unit disk |g| < 1 (so that Xiio) remains convergent). 
It is convenient to take C to be a circle of radius 1. While this integral can in 
principle be evaluated for any radius, it proves advantageous to take the radius near 
1, for in this limit the contour integral will be dominated by contributions from the 
regions near certain points on the unit circle |g| = 1, and these contributions will be 
relatively simple to evaluate. In particular, we see from the general forms ( |2.2| ) that 
the characters Xj(g) develop essential singularities at all points on the unit circle for 
which r G Q, for at these points there exist an infinite number of values of n for 
which g" = 1, causing x(g) to diverge. This can often also be seen by writing the 
infinite sums (|2.2|) as infinite products, for such product representations (when they 
exist) typically include the factor 



n=l 



^ (2.7) 



which diverges whenever there exists an n > 1 such that g" = 1. Thus, we can 
evaluate the contour integral (^.6]) in the radius = 1 limit by carefully dissecting 



our contour into arcs near each rational point on the unit circle, and summing the 
separate arc integrals. 

The second step involves performing this dissection most efficiently. While the 
divergences at each rational point go/3 = exp(27rz/3/a) with a > [3 >Q are necessarily 
of infinite degree, we see that if a and (3 are chosen relatively prime (so that [3/a = r^p 
is expressed in lowest form), the divergences will be "stronger" at points for which a 
is smaller. For example, the divergence of xil) lap = exp(27ri/?/a) is "twice" as 
strong as that at q2a,f3 in the sense that there are twice as many values of n in (|2.2| ) 
or ( |2.7| ) for which g" = 1. Indeed, the dominant contribution to the integral ( |2.6| ) is 



that near the point gi^o = and we will see that this contribution alone is sufficient 
to yield 

We can thus dissect our contour most efficiently by summing the contributions 
near points qajs in order of increasing a > 1, choosing a terminating maximum value 
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ttmax depending on the overall accuracy desired. Then, for each value a, 1 < a < 
ttmax, we consider those (3 {1 < P < a) which are relatively prime to a, allowing 
/3 = only for a = 1. For example, we have /? = 1, 3 for a = 4, and (3 = 1,2, 6 for 
a = 7. This procedure ensures that we have organized the rational points according 
to their relative contributions to the integral ( |2.6| ). 

Finally, in order to evaluate these contributions from each such rational point 
qaf3, we make use of the fact that these points can be transformed to q'^^ = by 
modular transformations. Thus while it may at first seem difficult to evaluate the 
numerator XiiQ ~ Qais), modular transformations allow us to relate this to the much 
simpler quantities Xjil' ~ 0). In particular, let Ma/3 ^ SL{2,'2.) be a modular 
transformation transforming q = q^p to q'^p = 0. Although such a transformation 
is not unique (because the phase of the resulting q'^p = is unspecified), any such 
chosen transformation can be written in the form 

= ^) , r = (! + /?/?')/« (2.8) 

where /?' G 2 is the free parameter indicating our specific choice. [| One can then use 
( |2.1| ) to relate Xiio. ~ lais) to the various Xjil' ~ 0), each of which behaves as {q')^^ ■ 
Explicitly, 

TV 

X^{q ^ Qap) ^ i-ar + (3)-^ ^ (M"^!),, {q' ^ 0)^^' . (2.9) 

i=i 

This result can then be substituted into each separate arc integral near each rational 
point, and in this form these arc integrals can be evaluated (ultimately yielding 
Bessel functions). These separate contributions from each rational point can then be 
summed to yield an approximation for the whole contour integral ( p.6|) . 

The details of this analysis are somewhat intricate, and are given in Refs. |I| and 
0. The result one finds, however, is relatively simple: 

where 
and where 

I l—k 

- (i^ ) J.-.{^./^¥^) ■ (2.12) 

* This freedom to adjust the phase of q'^^, or equivalently to adjust Rer^^, corresponds to the 
freedom to multiply Ma/3 h'om the left by arbitrary additional factors of T = (q 1) • Thus we see 
that all of the allowed values of (3' are equal modulo a. All final results will nevertheless be invariant 
under such shifts in f3'. 



2m l—H, - - H, 



a 



a 



exp J-27r2-r2j (2.11) 
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Here the sum in (|2.11| ) is over those values oi (3, 1 < (3 < a (with (3 = only for 
a = 1), such that a and (3 are relatively prime. The modular transformations Map 
are defined in ( ^.81 ), and their representation matrices are defined generally in ( |2.1| ). 
It is in fact straightforward to show that the quantity Q\j^ (as well as a!^^ itself) is 
not only real for all i, j, and a, but also independent of the particular choices for (3' 
in each term of ( |2.11| ), as asserted earlier. Indeed, different values of f3' correspond to 
extra factors of T in Maf3, and these are offset by the explicit /^'-dependent phase in 
( f2.11 ). The functions Ju{x) appearing in (2.12) are the Bessel functions of the first 



kind. 

While ( p.lO|) is written in a form suitable for those values of j for which Hj > 0, 



there are often other values of j for which Hj < 0; indeed, if the Xj are the characters 
of the different highest-weight sectors of a conformal field theory with positive central 
charge, then the existence of an identity-sector character with Hj < is guaranteed. 
In these cases, the argument of the Bessel function becomes imaginary. However, 
introducing the Bessel function of first kind with imaginary argument, 

I,{x) = e~'^^'^Ue'^'^x) , (2.13) 

we find that for these cases we can rewrite ( p.l2[ ) as 



l-k 



HA \ , /47r 



Thus the reality of the a^*^ is preserved. Similarly, there may also exist cases for 
which Hj = 0. In these cases fj°'\n) takes the simple form 

27r ^^=-1 



H,=0: ff{n) 



(n + Hi 
a 



(2.15) 



and once again the contribution to a^*) is real. 

The foregoing discussion has only touched upon the basic method of derivation, 
and in particular there are many places in the complete derivation where approxima- 
tions are introduced in order to achieve the above result. This implies, of course, that 
the above asymptotic expansions are at best only approximate. A detailed analysis 
of the error terms has been performed in Ref. [@], however, and we shall present here 
only the final results. First, it is shown in that the minimum error is achieved if, 
for a given value of n, the a-summation in ( p.lO|) is terminated at values 

O(v^) . (2.16) 

As is typical with such asymptotic expansions, subsequent "higher-order" terms only 
increase the error. Given this termination, then, it is shown in 0] that asymptotic 
expansions are correct to within 



error 



0{nn where p = ( f f ^ f < (2.17) 

Ik for K > 0. 
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Thus, since we know that a^*-* is always an integer, we see that the truncated asymp- 
totic expansion (|2.10| ) becomes exact for A; < and sufficiently large n: we simply 
take the integer closest to the sum in ( |2.1CI| ). For A; = 0, on the other hand, the 
sum ( 2.10| ) can differ from the true a^*-* by only an overall additive constant. Such 
agreement is indeed remarkable, indicating that in most physically relevant cases (as 
we shall see), the asymptotic series ( p.lO|) can be indeed taken to truly represent the 
physical-state degeneracies a^^ . 

Let us now get some feeling for how the result ( |2.1CI| ) works in practice by 
demonstrating that ( 2.101 ) implies the leading Hagedorn exponential behavior (|2.4|) . 
The Bessel function with imaginary argument I,^{x) has the asymptotic (|a;| — > oo) 
exponentially-growing behavior [H]: 



V2 



TCX 



1 _ (/^-l) + (/i-l)(/x-9) _ (/i-l)(/i-9)(M-25) _^ 



2! (8x)2 



3! (8x)3 



(2.18) 

with /i = 4z/^, whereas the ordinary Bessel function Ju{x) has the damped asymptotic 
behavior 




^ (/i-l)(^-9) ^ 



cos 6 



2! (8a;)2 

/i-1 (/i- l)(/i-9)(;U-25) 



8a; 



3! (8xY 



+ ... 



sin^^ (2.19) 



with 9 = X — ^nu — ^tt. Thus, we see that the dominant, exponentially-growing 
contributions to a^^ come from those terms in ( p.lOj ) for which Hj < 0. In particular, 
the minimum value of Hj is Hj = — c/24 (which occurs for hj = 0, i.e., for the identity 
sector), and thus the strongest exponential growth generally arises for this value of j 
and for a = 1. We will henceforth denote this sector as j = 1. The simplest choice 
for Mio is Mio = q) = ""S* where 5* = , whereupon it follows that (3' = 



and Mfo^ 



S. Hence Q 



(1) 



'a general result), and for n ^ Hi we find 



2tt 



I 24:71 



k-l 



''/'Si,] 



+ 



(2.20) 



Use of ([2l8| ) then yields 
to the identity sector with hj 



and (|2.5| ). Note that since j = 1 in ( p.20| ) corresponds 
= 0, we are guaranteed that Sn ^ for all i. Perhaps 
the easiest way to see this is via the general relationship between the S'-matrix and 
the fusion rules of any conformal field theory |Q; since each highest-weight sector 
must fuse with the identity to give back itself, we must have Sn ^ 0. Indeed, the 
fusion rules of a given conformal field theory 



E 

k 



ijk 



(2.21) 
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can be deduced from this S'jj-matrix directly via the Verhnde formula 

iV.,. = E , (2-22) 

and we see that we must have Sn ^ for all i in order for sensible fusion rules to be 
obtained. 

It is also a straightforward matter to classify the sorts of suhleading terms which 
appear in addition to the dominant Hagedorn term ( p.4|) . First there are the sub- 
leading terms within the dominant exponential term 



Qe 



{n + + A2{n + + As{n + + 



(2.23) 



here Q signifies the coefficients defined in (|2.11|) , the values of i?„ increase by half- 



integer steps, and this series terminates only if 2k is an odd integer. This dominant 
exponential term arises from the identity sector, as noted above, and will appear 
for the character of any sector connected to the identity sector via the 5* modular 
transformation. Next, there are the suhdominant exponentially growing terms; these 
are again of the same form as (|2.23| ), but have exponential growth parameters C'^ 



max' 



^max) ^^c. which are smaller than Cmax and which depend on the spectrum of vacuum 
energies Hi. Such terms arise from sectors with — c/24 < Hi < 0. Then there 
are the sets of terms, again of the form ( p.23|) , with exponential growth parameters 



C = |Cmax, |Cmax, |C*max5 ^^'max^ •••5 ^^c.; these terms arise from the Hi < sectors 
as well. Finally there are the non-growing terms which arise from those sectors with 
Hi > 0: these vanish in the n —>■ oo limit, and are otherwise essentially negligible as 
contributors to a^*-*. The remarkable fact, however, is that for A; < and large n, the 
sum of all of these terms reproduces the values of a^^ exactly. 

This concludes our review of the derivation of the asymptotic expansions describ- 
ing the physical-state degeneracies of conformal field theories. In the remainder of 
this section, we shall, for completeness, evaluate the first few coefficients Q\"^ and 
demonstrate that they are indeed real. We will also discuss what modifications are 
necessary to the above formulas if our characters Xi '^ot normalized with a^'' = 1. 

The fundamental observation in evaluating the coefficients Q\J^ is to recognize 

that although the general formula for Q\J^ is given in (|2.11|) , certain choices for f3' 

within each term of (|2.11|) will enable the QiJ^'^s to assume particularly simple forms. 
If we define the modular transformations 

S . (» -;) = -S- aud (11), (2.24) 

then any modular-transformation Mai3 can be expressed as a product of S and T 
transformations. Note that the representation matrices as defined in ( p.l|) satisfy 
{AB)ij = J2k AikBkj] furthermore, Tij is diagonal in the space of characters: Tij = 
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e'^'-'^Sij, so that while the two 5^(2, Z) 



exp{2iTiHj)6ij. Also note that (— — ^ ^ij 
matrices M and —M both describe the same modular transformation, they in general 
have different representation matrices in the space of characters: {—M)ij = e^'^^Mij. 
This ambiguity is avoided by ensuring that Map is of the form ( p.8|) . Now, for a = 1, 
we have /? = 0, and we have already seen that the simplest choice = can be 
accommodated by choosing Mio = —S. This then leads, as before, to the general 
result 

g(l) ^ g,, _ ^2.25) 

Note that this quantity is manifestly real, since under the 5'-transformation one finds 
that modular functions transform as 



ij 



(2.26) 



with real coefficients Sij, and according to the definitions (|2.1| ) and (|2.24|) we find 
that Sij = e~^^^^'^Sij. Proceeding to the a = 2 case, we have only /3 = 1, and by 
choosing M21 = T-^ST-^ST"^ we have p' = -1. Thus M^i = TST^ST, and since 
in general we have {TXT)ij = exp[27ii{Hi + Hj)] Xij, we obtain the result 



Q 



(2) 



{ST^S)ij exp[ni {n + Hi + Hj)] 
{ST^S),,exp[m{Hi + H,)] (-If. 



(2.27) 



In order to see that ( |2.27| ) is manifestly real, we note that this same choice for M21 
can also be written as —ST'^S. Thus ( p. 27] ) can equivalently be written as 



-ST-^S),, exp [-m {H, + H,)] (-1) 



and since we find 



-ST-'S) 



ik/2 



E 



Jik^k] 



f2.28) 



-■Kik/2 



. k 



iJikiJk] 



(2.29) 



[where we have used the fact that 8*^ = e'^^^Sij], we see that ( p.28| ) is merely the com- 
plex conjugate of ( p.27|) . Now, for a = 3, there are two values of P to consider: (3 = 1 
and (3 = 2. Choosing the transformations M31 = —ST^S and M32 = T^^ST^^ST^^ 
respectively yields /5' = — 1 and = — 2, giving 



Q 



(3) 



e" (—ST S)ij exp 



+ e 



■Kik/2 ^ 

■Kik/2 /rpQrpZ 



2m 



{TST'ST)ij exp 



3 



{n + Hi + Hj 



{n + Hi + Hj) 



(2.30) 
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Similar manipulations show, however, that these two terms are complex conjugates 
of each other. We thus obtain the simpler result 



Q\f = 2Re |e'^^*^/'(5r35)i,- exp 



2m 



n + Hi + Hj) 



(2.31) 



The final results for the a = 4,5, and 6 cases can be determined in the same manner: 



2 Re je'^^'^/^ {ST^S)ij exp 
2 Re {e^^*^/2 {ST^S)ij exp 



j{n + Hi + Hj] 
— {n + Hi + Hj) 



Am 



+ 2 Re <! e""''/' {ST'ST-'S)ij exp —{n + Hi- Hj) 



2 Re |e'^''=/' (ST''S)ij exp 



— {n + Hi + Hj) 



(2.32) 



Finally, let us consider what modifications must be made to these asymptotic 
expansion formulas in the case that our characters Xi ^-^^ not normalized to Oq = 1 
for all i. Of course, given a particular expansion derived for a normalized character 
Xii we need simply multiply this result by Oq ^ in order to obtain the expansion for the 
corresponding nnnormalized character. However, this assumes that the above values 
of Q'fj are taken to be those calculated for the normalized characters; in particular, 
the representation matrices Mij for modular transformations M which appear in 
the above results for Q,!""* are assumed to be those calculated for the normalized 
characters. The new matrices M^j for the unnormalized characters have, however, 
elements which are trivially rescaled relative to those for the normalized characters: 



Mij = a!i^ Mij{a!iY' ■ 



(2.33) 



This implies 



Qij — (Oq ) ^ Qij ^0 



,0) 



(2.34) 



and thus, rewriting the new result in terms of appropriately unnormalized quantities, 
we see that the overall factor Oq ■* cancels and leaves only an extra factor of Og'^ inside 
the j-summation. We therefore have two equivalent options when working with 
unnormalized characters Xi- '^^ can either calculate an asymptotic expansion by 
using normalized matrices M^j in the definition for Q^?'' and multiplying the entire 



result by Oq ^ , or we can use unnormalized matrices in the definition for Q\"' and insert 

an extra factor of Uq'' inside the summation over j. We shall use both approaches in 
Sect. 4. 
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3 The Main Theorem 



In this section we shall prove our main result, given in ( |1.12|) . It turns out that 



this result can be viewed as the two-variable generalization of a well-known theo- 
rem in modular function theory which applies to functions f{q) of a single modular 
parameter q. We shall therefore first provide a proof of this one-variable theorem 
which makes use of the asymptotic expansions discussed in Sect. 2. The proof of the 
two-variable case will then be relatively straightforward. 

3.1 The One- Variable Case 

The one-variable theorem that we wish to prove states that any function 

oo 

fir) = ^^e^"^' (3-1) 

n=0 



which transforms as an eigenfunction with modular weight k under the S and T 
modular transformations 

/(r + 1) = exp(27r^i/)/(r) , 

/(-1/r) = arV(r), |a| = 1 (3.2) 

must vanish identically {i.e., a„ = for all n) if 

k < 12 H . (3.3) 

In general, k G Z/2 and cr^ = 1. Thus, since the Dedekind eta-function t] = 
g^/^^n^=i(l - g") satisfies (U) with H = 1/24, k = 1/2, and a = exp(-7rz/4), 
one can always multiply or divide / by a sufficient number of factors of rj to cast this 
theorem into its more familiar form: any function / which is modular- invariant {i.e., 
> 0, G Z, (T = 1) must vanish identically if it has negative modular weight k. 
An example of such a function meeting all of these conditions is 

J = ^s^- - ^9/ (3.4) 

where the -^i are the classical Jacobi -(^-f unctions; since J has H = 1/2, k = 2, and 
a = —1 (or equivalently, since J/t]^^ is modular- invariant with negative modular 
weight k = —4), J vanishes identically. While the proof of this general theorem is 
standard (see, for example, 0), our goal here is to see how this "cancellation" can be 
understood from the point of view of the asymptotic expansions presented in Sect. 2. 

Note that since / is assumed to satisfy (|3.2| ), / forms a one-dimensional represen- 
tation of the modular group, with = exp{27iiH) and Sij = o. Using the defining 
relations of the modular group 5^ = (ST)^ = — 1 and the fact that (— l)ij = e'^'^^Sij, 
it is easy to show that any such one-dimensional representation "matrices" Sij and 



20 



Tij can satisfy the defining relations only if A; — 12H G 4Z. This is therefore a general 
constraint on any such modular-eigenfunctions / (such as rj), and the theorem applies 
only to those special cases (such as J) for which k — 12H < 0. 

In order to use the machinery of the asymptotic expansions presented in Sect. 2, 
we shall first explicitly organize / as a linear combination of non-vanishing, linearly- 
independent characters Xiil)'- 



f = Ec.X. = Ec.g'^'E^iV- (3.5) 

n=0 



Here the Xi cire members of a single system of characters closed under modular 



transformations, and therefore satisfy (|2.1|) and (|2.2|) with normalizations af*^ 







It is necessary to proceed in this manner because / by itself will be shown to vanish, 
and therefore / itself cannot be properly normalized (there exists no oq 7^ 0). We 
can also assume that / contains a sufficient number of ?7-function factors so that it 
is modular- invariant: this implies that the vacuum energies are all integers, G Z, 
and that the coefficients satisfy 



N 



Ec.M,, = c, (3.6) 



i=l 



for all matrices Mij which represent modular transformations in the Xi system of 
characters. Furthermore, as discussed above, the condition ( p. 3D also allows us to 
choose the number of r^-function factors so that, without loss of generality, 

k < and Hi > if d ^ . (3.7) 

Given this decomposition of /, then, the procedure for our proof will be quite straight- 
forward: we shall simply calculate the asymptotic expansions of each Xi individually, 
and add them together.^] 

The asymptotic expansions for each a^*) in ( |3.5|) are given in ( p.lO|) , but before 



these expansions can be added together to form an asymptotic expansion for the 
combined coefficients a„ in ( p.l| ), we need to make one important adjustment: we 
first need to take into account the fact that each character Xi principle has a 
different vacuum energy Hi, and that therefore the degeneracy of the n^^ level in 



* It is possible, of course, that several of the Xi appearing in ( |3.5| ) correspond to sectors with 
vacuum energies Hi which are equal modulo 1 and negative; the resulting function / would still have 
a positive overall vacuum energy H > provided that all tachyonic contributions from these sectors 



cancel in the sum (3.5). However, in such cases we can always form linear combinations of these 
characters Xi so that the new "characters" are still eigenfunctions of T and have positive net vacuum 
energies Hi. Thus, even in such decomposition into characters (or linear combinations of 



characters) exists for which (3.7) is satisfied. The effects of working with such linear combinations 
of characters will be discussed in Sect. 4, and we shall assume for the remainder of this section that 
no such linear combinations are necessary. 
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a sector with vacuum energy Hi should really be added to the degeneracy of the 
{n — l)*"^ level in a sector which vacuum energy Hi + 1, etc. Indeed, it is only the 
combination n' ^ n + Hi which has physical meaning as the "energy" of the state, 
invariant across all sectors of the theory. We can therefore, as a first step, rewrite 
the asymptotic expansions from Sect. 2 in terms of this properly shifted variable n' 
(and henceforth drop the prime on n): 



E 

0=1 



271 

a 



N 



n] 



where 



and where 



^ e-^'l' Y: {M-',h exp 



2m 



a 



{P'Hj - pn) 



(3. 



(3.9) 



V 



i-fc 



Hj/n Jk-i UnJHjTi/a 



n] 



Hj\/nf ^ 4_i (ATi^\Hj\n/a 



(27™/a) 



fc-i 



for Hj > 

for Hj < 
for H,=0 . 



(3.10) 



While this variable shift n ^ n' = n + Hi is somewhat trivial for the present one- 
variable case (in particular, both the original and final n's are integers since each 
ifj G Z), we will see that this step is far more subtle for the two- variable case. 

In terms of these shifted variables, then, the g-expansion for / becomes / = 
J2n (^n (f" where a„ is now the number of states at energy n, and the asymptotic 
expansion for a„ is simply given by 



2ti 



a 



n] 



(3.11) 



However, having performed the shift of variables, we now see from ( glOD that /j 
is independent of i. We therefore find that the sum over i factors. 



n] 



n] 



and that within this factored sum there is yet another factorization: 

-2711 



'a/3 )ij 



exp 



/9 



a 



{(3'Hj - I3n] 



(3.12) 



(3.13) 



However, we recall from Sect. 2 that M^^ is a modular transformation, and that 
{M~p)ij is the representation matrix corresponding to this transformation in the 
space of characters Xi- From (|3.6| ), therefore, we see that 

Y^^iM-^h = 9 (3.14) 
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for all a and /3, yielding simply 



(a) 



2Tii 



a 



{(3'Hj - (3n) 



(3.15) 



It may seem strange at this point that (3' still appears in (|3.15| ), since a priori all 
knowledge of the original choice of (3' [which was implicit in our choice of modular 
transformation Ma/B in ( |2.8| )] has been removed. The important point to realize is 
that for any given values of a and j3, there are only certain allowed values of (3' which 
may be chosen, and (as discussed in the footnote in Sect. 2) these values of /?' are all 



equal modulo a. Thus, since Hj E 7L for all j, the result in ( |3.15| ) is independent of 
the particular choice of /?', and depends instead on only the value of /3' modulo a. 
This value is uniquely determined from knowledge of a and /3 alone, and therefore 
does not require knowledge of the chosen modular transformation Mq,^. 
Thus, combining the above results, we have 



E 



27r 

a 




2-Ki 



a 



(3.16) 



However, since the Cj are the original coefficients of /, we recognize that Cj ^ 
only if Hj > 0. Thus, the only functions fj°'\n) which contribute to the asymptotic 
expansion of a„ are those for which Hj > 0. However, for k < 0, all of these functions 



vanish in in the n - 
(^191) ], while if Hj 



oo limit: if Hj > 0, then /, 



n] n 



fc/2-3/4 



0, then ff\n) 



n 



k-l 



. We therefore find 







as n 



oo 



[recall ( |3.1CI| ) and 



(3.17) 



and since the error in the asymptotic expansion also vanishes for A; < [recall (|2.17|) ] 
for sufficiently large n this can be taken to be an exact result: 



for sufficiently large n 



(3.18) 



It is then a simple matter, using the modular transformation r —>■ — 1/r and a Poisson 
resummation, to demonstrate that all coefficients a„ must vanish exactly. 

As an example, let us consider the function J given in (|3.4| ). As indicated in (|375|) , 
this function can be written as a sum of characters which meet all of the necessary 
conditions: 

^ = ^ {(Xo)^Xi/2 + 7(xo)'(Xi/2)' + 7(xo)'(Xi/2)' + Xo(Xi/2)^- (Xi/ie)'} • 

(3.19) 

Here Xh with h G {0, 1/2, 1/16} are the characters of the c = 1/2 Ising model, and 
recalling that l/?7 is the character of an uncompactified boson with c = 1, we see 
that each of the five terms in the sum ( pj.l9D is therefore a distinct character in 
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the large c = 12 conformal field theory which consists of a tensor product of eight 
uncompactified bosons and eight Ising models. Indeed, each of these characters has 
k = —4, with individual vacuum energies Hi = J2 h — c/24 = 0,1, 2, 3, respectively. 
The conditions ( p.7|) are therefore satisfied. Indeed, since each of the terms in (|3.19| ) 
is the character of a c = 12 conformal field theory, their separate degeneracies a^^ 
each grow asymptotically ~ exp (Cy/E) with C = 2y/27i, in accordance with (E.SI). 
However, the sum of these asymptotic expansions, and indeed each total degeneracy 
an, vanishes identically. The physical interpretation of this fact is that the final 
term in ( 3.19|) is the contribution of a fermionic Ramond sector (as indicated by the 
fact that each factor Xi/w corresponds to an h = 1/16 Ising-model spin field), and 
thus cancels the contributions of the four bosonic (Neveu-Schwarz) sectors to yield a 
supersymmetric theory. The result J = is often called the Jacobi identity, and the 
partition functions of supersymmetric theories are usually proportional to J. 

An interesting corollary of this proof concerns the case of functions / which are 
modular-invariant with H > but which have positive modular weight k. Such 
functions of course do not vanish, and we would a priori expect exponential growth 
in their coefficients. However, as we can see from the above derivation, this is not 
the case: the relevant functions fj°'\n) can grow at most polynomially with n, and 
moreover the error in the asymptotic expansion for a given a„ can also grow at 
most polynomially (~ n^). Thus, surprisingly, the maximum possible growth for 
such cases is polynomial rather than exponential. For example, the character 
ch{E^) = i!)2^ + 1^3^ + '^A^ has H = and k = A, and indeed the coefficients in its 
g-expansion grow only as fast as n^. 

A similar but more delicate situation exists for modular-invariant functions which 
have k = 0. In this case the relevant functions fj°'\n) all vanish in the asymptotic 
limit n — oo, and indeed one again obtains ( p. 17 ). However, the error in the 
asymptotic expansions can be as great as an overall additive constant. Thus we have 
an interesting situation in which the values of a„ experience no growth at all, but are 
not necessarily zero. However, one can show that if the a„'s experience no growth 
and /(— 1/r) = /(r), then the only possible solution is a„ oc 6n,o if H = 0, or all 
a„ = if if > 0. Thus, if = and if > 0, we have / = constant, and this constant 
is non-zero only if if = 0. An example of the latter situation is the modular-invariant 
function 



K = 



4 



2 



2^3 l(^o)' - (Xi/2)'J (xi/16)' (3.20) 

with ii = A; = 0; by the above result this must equal a constant, and indeed one finds 
i^ = 1. These results are also in accord with known theorems in modular function 
theory. 
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3.2 The Two- Variable Case 



We shall now proceed to examine the more physically relevant case of modular 
functions of two variables, Z{q,q), to see if an analogous result can be obtained. 

At the outset, there are a number of differences between this and the simpler 
one-variable case. The fact that we have both a holomorphic variable q and an 
anti-holomorphic variable q means that modular-invariant functions Z{q,q) can in 
principle be formed with two separate systems of characters, x ^-^id x- 

Z = (Imr)^' Y: Xt iVn X^ = (Imr)'= ^ N,, q^- ^ a« a» • (3-21) 

In fact, partition functions of this general type appear for any string theory (such as all 
heterotic string theories) with unequal underlying left- and right-moving worldsheet 
conformal field theories, and the {i, i) summation within (|3.21| ) will indeed be finite 



if these worldsheet theories are rational. It is therefore necessary, in general, to keep 
track of two separate systems of characters, x and Xi related to each other in (|3.21| ) 
only through the requirement of modular invariance. Hence, throughout this section, 
we shall use the following notation: a bar above any variable will refer to the right- 
moving system of characters x, and complex conjugation will instead be indicated 
explicitly with an asterisk. Of course, q = q* ■ 

As in the one-variable case, we will demand that our function Z is modular- 
invariant with modular weight k. Explicitly, this means that Z{t + 1) = Z{—1/t) = 
Z{t) where the individual characters x a-nd x satisfy (|2.1|) with modular weight k. 
[Note that the factor (Imr)'^ in ( |3.21| ) is necessary so that Z{—1/t) = Z{t).] It is 
then straightforward to show that the coefficients N^i in (|3.21|) must satisfy 

Y: M^N,,M,, = % (3.22) 

i,t 

for all pairs of matrices Mij and Mjj which respectively represent the same modular 
transformation M in the Xi ^.nd Xt systems. This condition is of course the two- 
variable analogue of ( p.6|) . Note that for the special case M = T, (|3.22|) implies the 
so-called level-matching condition 

Hi - Hj e if N,i ^ . (3.23) 

This condition is the source of the second fundamental difference from the one- 
variable case. For the one-variable case, the analogous modular-invariance condition 
required simply that all Hi G 2; essentially the "anti-holomorphic characters" were 
all X = 1) with Hj = 0. Now, however, we see that we need no longer have integer 
vacuum energies H^ and Hj, and in fact for most physical situations non-integer 
values of Hi and Hj do appear. Indeed, all that is required is that any pairs Hi 
and Hj coupled together via the matrix be equal modulo 1. It is this fact which 



25 



permits a "misalignment" of the various sectors in such a left /right theory. Recall 
that each character Xi aiid Xi corresponds to an entire tower of chiral states, with 
integer spacing between adjacent levels in each tower. Thus, while the level-matching 
condition ( p.23 ) guarantees that a given pair of left- and right-moving characters 



are properly aligned relative to each other (yielding a set of properly constructed 
left/right states), a given pair of characters corresponding to a given sector of the 
theory can nevertheless be "misaligned" relative to another pair. Thus, the different 
sectors will in general exhibit a whole spectrum of alignments, each corresponding to 
a different value of Hi = Hj (modulo 1), and any analogous cancellation which we 
expect to observe between the different sectors of the theory must now somehow take 
into account the fact that these sectors are misaligned. 

Given the modular-invariance condition ( |3.22| ), we now must impose the con- 



ditions analogous to those of the one- variable case in (|3.7|) . The first of these is 
straightforward: we shall once again consider those partition functions Z for which 
the modular weight k is negative. Indeed, in most physical situations the weight k is 
related to the number of uncompactified spacetime dimensions D via 

k = 1 ~ D/2 , (3.24) 

so this condition corresponds to the physically interesting cases with D > 2. (We will 
nevertheless show at the end of this section that our results apply for all spacetime 
dimensions D, and thereby include the cases with non-negative values of k as well.) 
Generalizing the second condition in ( |3.7| ) is more subtle, however, for two distinct 
possibilities present themselves: 

Hi > and Hj > if A^^i ^ , (3.25) 

or 

H, > or Hj > a Nji^O . (3.26) 

The first of these two options is the strictest generalization of the one-variable con- 
dition (|3.7|), and for A; < leads to the analogous result Z = {i.e., equal numbers 
of bosonic and fermionic states at all mass levels) This is therefore the appro- 
priate condition for theories with spacetime supersymmetry, for such theories, in 
agreement with (|3.25|) , necessarily lack both physical and unphysical tachyons. By 
contrast, the second option ( 3.26|) is far weaker, and merely requires that there exist 



no physical tachyons; unphysical tachyons are still permitted. As we will see, this 
case corresponds to theories without spacetime supersymmetry, theories in which the 
numbers of bosons and fermions at all mass levels are a priori unequal. The con- 
dition (|3.26| ) nevertheless still prohibits the appearance of physical tachyons: these 
are the tachyons which cause fundamental physical inconsistencies in spacetime, and 

Similarly, for k = we would actually have Z ~ constant, with a net number of physical states 
surviving at the massless level only. 
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which lead to divergent amphtudes. Thus ( |3.26| ) is the weakest condition that can 
be imposed for physically sensible theories, and while the existence of unphysical 
tachyons will of course prevent Z from vanishing altogether, our goal is to determine 
if the absence of physical tachyons nevertheless leads to any (weaker) cancellation.^] 
Our derivation now proceeds exactly as for the one- variable case: we shall derive 
an asymptotic expansion for each term in the partition function ( p.21|) , corresponding 
to a different sector of the theory, and then add these asymptotic expansions together. 



Our first step is to adjust our summation variables m and n in ( |3.21| ) so that 
they correspond to the invariant energy of the corresponding state, and not just the 
number of integer-excitations above the varying vacuum energies Hi and Hj. This 



will enable us to expand the partition function (|3.21|) in the simple form 



Z = (Imr)'= Yl «™nrg" (3.27) 

m,n 

and so read off the total degeneracy a„„ of physical states with a given energy n. 
As in the one-variable case, this is trivially accomplished by shifting the summation 
variables m and n in each (f , i) sector so that these different vacuum energies are 
properly incorporated: n n + Hi, m m + Hj. Unlike the one- variable case, 
however, this operation has drastic consequences. Of course, since the values of Hi 
and Hj are non-integral, the new summation variables m and n in ( ^.27| ) are also 
non-integral, and each sector (z, i) will contribute states to only those degeneracy 
counts ttmn with m = n = Hi = Hj (modulo 1). This much is non-problematic. 
However, it is then no longer appropriate to simply add the asymptotic expansions 
as functions of n in order to obtain a value for a given a„„; indeed, for any n, one 
should properly add together only those asymptotic expansions which correspond to 
sectors with vacuum energies Hi and Hj satisfying H^ = Hj = n (modulo 1). 

Despite this fact, we shall nevertheless proceed to add together the asymptotic 
expansions from all the sectors, just as was done in the one-variable case. While the 
physical significance of this addition may not yet be apparent, we will find that a 
powerful result with important physical consequences can nevertheless be obtained. 
We will refer to this addition operation as "sector-averaging", and denote the re- 
sulting "sector-averaged" degeneracy at energy n as (a„„). Our results from this 
point forward shall therefore apply to (a„„) rather than to any particular value of 
ttnn in ( p.27|) , and after obtaining our ultimate result for (a„„) we shall discuss the 



consequences for the true state degeneracies a„„. 

As in the on e- var iable case, we note that a decomposition of the partition function Z into char- 
acters satisfying ( ^.26 ) exists even in those cases in which certain sectors are individuall y tac hyonic, 



provi ded their tachyonic contributions are cancelled (or "GSO-projected") in the sum ( 3.21 ). Thus 



( 3.26 ) indeed represents a general condition for functions Z without physical tachyons, and in these 
particular cases linear combinations of characters may be necessary when constructing a suitable 
character-decomposition of Z. In Sect. 4 we shall discuss in detail the effects of working with such 
linear combinations, and in the remainder of this section we shall assume for simplicity that no such 
linear combinations are needed. 
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Thus, explicitly, our calculation will be formulated as follows. First, for each 
sector in (|3.21| ), we shift the variables m and n so that the vacuum energies Hi 
and Hj are properly incorporated and m = n = Hi = Hj (modulo 1): 

X-^X^ = E€^rg". (3.28) 

m.n 

The quantities a^l then represent the net degeneracies of physical and unphysical 
states in the {i, i) sector, related to the separate chiral degeneracies a^^ and via 

^mn ~ '^m ^n^ ' (3.29) 

Let us now draw a notational distinction between a particular degeneracy and its 
corresponding asymptotic expansion, denoting this latter function [given on the right 
side of (|3.8| )] as 0(*)(n). Thus, further denoting by $(**)(n) the function describing 
the physical degeneracies a^"-*, we have 

$(")(n) = \4>^\n)]*(t)^^{n) . (3.30) 

The operation of "sector averaging" is then rigorously defined via the modular- 
invariant summation of these functional forms: 

(ann) ^ J2 N,,<l>'-''\n) = J2N-n[^^'\ri)]*<p^'\n) . (3.31) 

Although the asymptotic expansions 0'-*)(n) are a priori real, we have explicitly 
indicated their complex conjugations (where appropriate) in ( |3.3CI| ) and ( ^3.311 ). 



Substituting the asymptotic expansions given in ( |3.8|) , we then find 

(«nn) = E E (^) E Qf {qV)* fl''\n)7f\n) , (3.32) 
and once again the summations over i and t factor explicitly: 

{ann) = E (%] |e (WY N^^Qff] ffin)lf\n) . (3.33) 



aa 



Indeed, just as in the one- variable case, there is now an additional factorization within 
the {i,i) summation: 



_ n 

a " ■' ' ' a " 



X 



E [M-f)* AT, (M-)., . (3.34) 
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Note that these two last steps imphcitly assume that the variable n is independent 
of i, which is the essence of the "sector averaging" discussed above. Even though 
different sectors {t, i) correspond to different values of n modulo 1, we are here adding 
the sum of functional forms of n. 

The above factorization now enables us to make one important simplification. 
Using ( p.22|) , we can rewrite the second line of ( p.34|) : 



N-AM-^)., = {nM^-^M-^)_^ ; (3.35) 
1,1 

such rewritings are useful in that they generally allow us to focus on the modular- 
transformation representation matrices in only one character system {e.g., the holo- 
morphic system, as formulated above) rather than on both simultaneously. Thus, 
collecting our results in this final form, we have the following total expansion for 

(ann) = E f^l ^rVf^(n)7f (n) (3.36) 



- . - \ aa 



where 



rff"-^ ^ Eexp[^(/3'if,-/3n)-^(/3':ff,-^n)j(iVM^^M-,% . (3.37) 



Let us now examine the leading term in this expansion for (ann)- Since the leading 
term for each chiral character is obtained for a = 1, the leading term in ( |3.36D is 



that for which a = 1 and a = 1. However, in this case we find that Vj"''"^ assumes a 
particularly simple form: since the only allowed values of /? and (3 are /? = /3 = 0, we 
have simply 

= {NM,oM-% = iVj, . (3.38) 
Thus, we find that the leading term in the expansion of (ann) is simply 



) = 4vr2E%/f + - (3-39) 



This result is sufficient to prove our main theorem. Since the partition function 
Z in (|3.21|) is assumed to satisfy ( |3.26|) , we see that the only values of j and j which 



contribute to the sum in ( p. 391) are those for which either Hj > or Hj > 0. This 
means that there exists no term in (|3.39| ) which contains a product of two functions 



/j^"* (n) and f^^ (n) with both experiencing maximum growth. In particular, the term 
in the asymptotic expansion with the greatest possible growth would a priori have 
been given by /ji\(n)/-^i\(n) where j = 1 and j = 1 respectively indicate the vacuum 
sectors of the separate chiral theories, yet we see that such a maximally-growing 
term is necessarily absent in (|3.39|) . The absence of such a term in the expansion 
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for the sector- averaged (a„„) is of course the direct consequence of the absence of a 
corresponding physical tachyon in the partition function Z. 

By contrast, let us consider the degeneracies a!)^^ of each individual sector (z, i) 
before sector-averaging, as given in ( p.28|) and (|3.29| ). In analogy to ( p.33| ), we find 
that these o!)^^ have expansions 



E 




n)lf{n) 



(3.40) 



and using ( |2.25| ), we see that the leading terms in ( p.40[ ) are 

3,3 



(3.41) 



The terms in ( |3.40| ) with maximal growth are again a priori given by /•i\(n)/j^\(n) 
where j =j = 1 indicate the vacuum sectors of the separate chiral theories. However, 
recall that for valid conformal field theory characters, Sn and Sn are necessarily non- 
zero 0. Thus, for each of the individual sectors (j, i), this term with maximal growth 
must exist in the expansion for the degeneracies, and it is only in the process of "sector 
averaging" that this term is cancelled. 



This is precisely the content of our main result, as expressed in (|1.12|) . Since the 



leading term in (|3.41|) contains the factor /jJi(n)/-^^]^(n), the growth of each a. 
n — > oo is 



as 



exp <^ Atx d\Hi\n + \J\Hi\n 



exp [CtotVn 



where 



tot 



Cleft + Cright = 47r 



Cleft 

'2A 



Cright 

24 



(3.42) 



(3.43) 



However, the growth in (a„„) is necessarily less rapid, since the rate of exponen- 
tial growth in (|3.42 ) can come only from the dominant term ff2i{n) f'^]^^{n) . Thus, 
defining the total effective "sector-averaged" value of C through 



^) ~ exp (CoffV^ 



as n 



oo 



we have 



Ceff < Ci 



tot 



(3.44) 



(3.45) 



Since the exact value of Ccff in (|3.44|) is in principle determined by the largest 
remaining subdominant term in the complete (a„„) expansion, let us now focus briefly 
on those subdominant terms which might be relevant. Such terms can have a variety 
of origins, and we shall outline them below. 



30 



First, there are of course subdominant terms within ( |3.39| ), for the presence of 
unphysical tachyons within the partition function Z requires that there exist 
no n- vanishing terms in ( |3.39| ) for which Hj < and Hj > (or vice versa). It 
is in fact a generic property that there exist such unphysical tachyons in non- 
supersymmetric theories, for modular invariance alone can be used to demon- 
strate that any D > 2 theory which lacks both physical and unphysical tachyons 
will have a vanishing partition function. For example, in the case of generic 
non-supersymmetric string theories containing gravitons, it is not difficult to 
show|that such unphysical tachyons will appear in sectors with Hj = — cieft/24 
and Hj = (or vice versa). These unphysical tachyons then imply exponential 



growth with C^s = Qeft = 47r^cieft/24 (or C^s = Cnght = 47r^Cright/24) 

only. Note that this is, in general, the greatest exponential growth that can 
arise from the leading terms ( |3.39| ). 



Similarly, there may be other strong subdominant exponentials which arise 
from terms in the general expansion ( p.36| ) with either a > 1 or a > 1. The 
greatest of these is a priori the case when {a, a) = (1,2) or (2,1). Since 
MiQ^ and M21 are different modular transformations, a simplification analogous 
to that in ( |3.38| ) is not possible, and therefore in principle any combination 

of functions ff\n)fj\n) or ff'\n)f^\n) is possible. Whether such terms 
actually appear in general depends on the details of the types of unphysical 
tachyons that a given partition function contains, and therefore, unlike the first 
class of subleading exponentials discussed above, such terms are not necessarily 
universal. Note that these terms may nevertheless yield stronger exponential 
growth than those in the first class discussed above. In particular, general terms 
such as fj°'\n) fj°'\n) with Hj < and Hj < yield values 




Ceff = Air + , (3.46) 



and, depending on the particular values of Hj and H-j involved, such values of 
Ceff may exceed the values Cieft or Cright which arise from from the first class 



^ The proof runs as follows. Such unphysical tachyonic states are bosonic, and are essentially the 
graviton state without the excitation of the left- (or right-) moving mode of the coordinate boson. 
Since the constraint equations for these unphysical tachyons are therefore those of the graviton 
itself, such a state is guaranteed to survive all Fock-space projections. The only way to cancel the 
contribution of this state to the partition function Z is to have a corresponding fermionic state 
with the same (unphysical tachyonic) left/right energy distribution. However, such fermionic states 
are likewise related to the physical gravitino states, and therefore any constraint equations which 
project out the gravitino state (thereby rendering the theory non-supersymmetric) must project out 
this fermionic tachyon as well. Thus, for non-supersymmetric theories containing a graviton, there 
always exist sectors in the partition function with Hi = — cioft/24 and Hj = (or vice versa) whose 
contributions to Z are not cancelled. 
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of exponentials. Of course, terms leading to ( p.46|) are possible only if V^"''"^ 
in (13.371 ) is non-zero for appropriate values of We shall discuss these 

subleading terms in more detail in Sect. 4.3. 

• Finally, there is another potential source of exponential growth, this one aris- 
ing from the asymptotic expansion error terms. Recall that in the one-variable 
case, no exponential growth could ever arise from the error terms, for these 
terms are at most polynomial. In the present two-variable case, however, there 
is a separate error term from each of the left and right-moving asymptotic ex- 
pansions, and thus the error term from the left-moving expansion can multiply 
an exponential term from the right-moving expansion, and vice versa. The 
maximum exponential growth this can produce, however, is C = Cieft or Cright 
respectively, and this is the same growth which arises from the subdominant 
terms in the first class discussed above. 

Thus, we see that the largest value of Ccs depends crucially on the details of 
the underlying non-supersymmetric theory, and is determined by the structure and 
energy distribution of its unphysical tachyons. In fact, we shall discuss the precise 
value of Ceff at several points in this and later sections. The important point, however, 
is that none of these subdominant terms can ever reproduce the leading exponential 
growth that is experienced by each a^^ individually. Thus the existence of these 
subdominant terms can never alter our main result ( p.45| ). 



As discussed in the Introduction, the result ( |3.45| ) for (a„„) has profound impli- 



cations for the values of the actual degeneracies a^l^. We have already seen that 
each a^^ necessarily experiences stronger exponential growth than does the sector- 
averaged quantity (a„,„), and indeed we have 

lim = . (3.47) 

This of course implies that the dominant exponentials in the different a^*^^ expansions 
must exactly cancel in the sector-averaging summation, with some sectors having 
positive dominant terms and others negative (respectively, with some bosonic and 
others fermionic). However, this does not necessarily imply any cancellation in the 
net number of actual states in the theory. Recall that each sector («, i) in principle has 
a different alignment, and contributes states to the spectrum at only those energies 
n satisfying n = = Hj (modulo 1). Thus two sectors — for example, one with 
states at n = (modulo 1) and the other with n = 1/2 (modulo 1) — can have 
equal and opposite dominant terms in their asymptotic expansions without having 
any cancellation between their actual states at any given mass level. Indeed, even the 
number of states at the different mass levels will not be equal: if <l>(ra) represents this 
leading asymptotic term, then while the degeneracies of the first sector will be given 
asymptotically by the values {$(^), i G 2}, those of the second sector will be given 
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asymptotically by the different values {— + i); ^ ^ only by considering 

the functional forms $ that cancellations are apparent. 

Our result thus implies that as the invariant energy n is increased, the net number 
of states a„„ at energy n exhibits an oscillation: first this number will be positive 
(implying more bosonic states than fermionic states), then negative (implying more 
fermionic states than bosonic states at the next mass level), and then positive again. 
Indeed, the "wavelength" of this repeating oscillation is An = 1, corresponding to 
energy difference between adjacent states in the same sector. While the amplitude of 
this oscillation grows exponentially, the oscillation asymptotically becomes symmetric 
between positive and negative values. In general, of course, there are more than two 
sectors in the theory, and while some groups of sectors will be ahgned relative to each 
other, others will be misahgned. Thus there may exist a potentially large set of values 
of n (modulo 1) at which states will be found, and the pattern of oscillation which 
wc have described may be quite complicated within each "wavelength" An. We will 
see explicit examples of this in Sect. 4. What is guaranteed by our result, however, 
is that the leading terms must cancel as we sum over sectors, and that therefore 
the behavior of the net number of states at energy n must execute this increasingly 
symmetric oscillatory behavior as n is increased. 

In physical terms, this result amounts to a strong constraint on the degree to 
which supersymmetry may be broken in a modular-invariant theory without intro- 
ducing damaging physical tachyons. Quite simply, the supersymmetry can be at most 
"misaligned" : introducing any surplus of bosonic states at any mass level in the the- 
ory necessarily implies the simultaneous creation a larger surplus of fermionic states 
at a higher mass level, which in turn implies an even larger surplus of bosonic states at 
an even higher mass level, etc. Since modular invariance and the absence of physical 
tachyons are precisely the conditions for finite string amplitudes, this scenario now 
provides a glimpse of how this finiteness arises level-by-level in the actual spectrum 
of states that contribute to single- and multi-loop processes. Indeed, we shall discuss 
the relationship between this "misaligned supersymmetry" and the value of one such 
one-loop amplitude, namely the one-loop cosmological constant, in Sect. 5. 

Finally, let us discuss the role played in the two-variable theorem by the modular 
weight k. As we recall from Sect. 2, the most important part of the asymptotic 
expansions which depend on the modular weight k are the error terms: for k < 
they asymptotically vanish like a (negative) power of n, and for A; > they grow at 
most polynomially with n. In the one-variable case, this was sufficient to imply that 
any tachyon-free modular- invariant function f{q) would have to vanish if A; < 0, and 
contain at most polynomially growing coefficients if A; > 0. In the two-variable case, 
however, no such implication follows, primarily because the error terms from each 
chiral half of the theory multiply the exponentially growing terms from the other half 
of the theory. This has the benefit of effectively rendering our result independent of 
the value of k. Thus, our theorem concerning the reduction of the effective growth 
rate from Ctot to Ces is unaffected by the actual value of the modular weight k, 
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and our two-variable theorem (as well as its primary consequence, the misaligned 
supersymmetry) remain valid regardless of the spacetime dimension D. 

This theorem is therefore quite powerful from a purely physical standpoint, im- 
plying a misaligned supersymmetry for all spacetime dimensions D. From a math- 
ematical standpoint, however, we see that its robustness essentially results from the 
weakness of its assertion. Indeed, our theorem asserts merely that Ccs < Ctot, yet 
the true analogue of the one- variable result would instead be the more powerful claim 
that 

CefT = . (3.48) 



Note that this would imply that all exponential growth must vanish in the sum 
with the contributions from subleading terms cancelling the contributions 



from unphysical tachyons. Moreover, in analogy with the one- variable result, we 
would assert that in the limit n ^ oo, the behavior of the asymptotic expansions 
(a„„) must be 

/ \ ? f for A; < 1 m Ar^\ 

since the strongest growth that can arise from any of the functions fj°'\n) with 

Hj > is ~ n^~^ for k > 1/2. For k < 1/2, by contrast, all such functions /j"^ 
vanish as n ^ oo. 

Surprisingly, it turns out that there is independent evidence for both of these 
conjectures ( p.48| ) and ( p.49| ), evidence which comes from an analysis of the finite- 
ness properties of certain one-loop amplitudes in string theories which lack physical 
tachyons. This evidence will be discussed in Sect. 5. Therefore, while we have proven 
that Ceff < Ctot, we shall in fact conjecture that (|3.48| ) and ( p.49| ) hold as well. 



It is nevertheless evident from the above discussion we can never prove these con- 
jectures by following the procedure presented this section, a procedure which consists 
of multiplying together the separate chiral asymptotic expansions for a^^^ and a^^ in 
order to obtain an expansion for their product a!^^. Indeed, we shall see in Sect. 4.3 
that even these separate chiral asymptotic expansions have significant shortcomings 
when applied to situations (like those encountered for (a„„)) in which the energy n 
is treated as a continuous variable. Thus, what is necessary is a fundamentally new 
type of asymptotic expansion, one which is calculated directly for (a^n). We shall 
briefly outline how this might be derived in Sect. 6. 
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4 Two Examples 



In this section, we provide two examples to illustrate the general results proven in 
Sect. 3. We will also illustrate certain techniques which often enable great simplifica- 
tions when analyzing specific partition functions and their misaligned supersymmetry 
properties. While the first example is chosen for its simplicity, the second is more 
typical of the sorts of partition functions which arise for heterotic string theories com- 
pactified to four dimensions. This second example will also be relevant to Sect. 5, 
where we relate "misaligned supersymmetry" to the one- loop cosmological constant. 

4.1 First Example 

As our first simple example, let us consider the modular- invariant, tachyon-free, 
purely real partition function: 

Z ^ ^(Imr)-i/2|r/|-^2 ^ ^.^y.+i |^^|2 ^ (_i)m^2^,2j2 _ ^^^^^ 

i,j,k — 2 

Like the typical partition functions of string theory, this function has negative mod- 
ular weight {k = —1/2), and contains both unphysical tachyons and massless states. 
Here the -(^-functions are the classical Jacobi theta functions, which are related to the 
Ising-model characters Xo? X1/2, and Xi/ie via 

Xo = 



Xl/2 




Xi/16 = \hf- (4.2) 



Recall that the c = 1/2 Ising model is the conformal field theory corresponding to a 
single real (Majorana) worldsheet fermion. 

Our first step is to cast this partition function Z in the form ( p.21|) , so that we 



can determine the relevant set of characters and their mixings under modular trans- 
formations. Note that our partition function ([4.1|) consists of a sum of terms, each of 



which contains five '(9-factors and five -(^-factors. Using the relations (|4.2| ) and recall- 
ing that ?7~^ is the character of an uncompactified c = 1 boson, this would suggest 
that the relevant characters Xi and Xi are those of a c = 6 theory formed as a tensor 
product of one uncompactified boson and ten (chiral) Ising models (or ten Majorana 
fermions). Since each Ising model factor in this tensor-product has three separate 
sectors, there are in principle 3^° separate sectors in this c = 6 theory, and therefore 
3^° individual characters Xi and Xi- Even if we do not distinguish between the or- 
dering of the factors, we still face the possibility of working with a very large system 
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of characters. Expressed as an expansion in terms of these characters, our partition 



function ( |4.1|) would therefore have many terms whose properties would not be im- 
mediately transparent. This is unfortunate, especially since ( |4.1| ) was constructed 
for its relative simplicity, and does not approach the complexity to be found in more 
realistic situations. 

It is nevertheless possible to bypass these difficulties by recognizing that the only 
properties of the "characters" Xi and Xi demanded in the derivations in Sects. 2 and 
3 is that they satisfy and ( p.2|) : they must have g-expansions with non- negative 
coefficients, they must transform covariantly under modular transformations, and in 
particular they must transform as eigenfunctions under T : r — > r + 1. Indeed, it 
is not necessary that they be true conformal-field-theoretic characters at all, and in 
particular linear combinations of such true characters can also serve as "characters" 
for the purposes of our analyses, provided that they meet the above conditions. 

Thus, by appropriately choosing linear combinations of the many characters of the 
above c = 6 conformal field theory, we will be able to find a relatively small number 
of "pseudo-characters" which close into each other under modular transformations 
and which thereby serve as a reduced set of "characters" with which to work. Such 
a decomposition into pseudo-characters is not unique, and in principle there exist 
many different sets of such pseudo-characters in terms of which a given partition 
functions may be expressed. The particular choice of pseudo-characters will not 
affect our final results, of course, and merely amounts to reorganizing the calculation 
in different ways. There are some minor consequences of working with this reduced 
set of pseudo-characters, however, and we shall point them out as they arise. 

Thus, our first step is to find a reduced set of pseudo-characters which meet 
the above conditions, and in terms of which our partition function manifestly 
satisfies the condition ( p.26|) . Since our partition function (|4.1|) is devoid of physical 



tachyons, such a set of pseudo-characters must always exist, and indeed it turns out 
that the following reduced set of only nine chiral pseudo-characters suffices: 



A = 




^2' ^3^4 (^3+^?4) 


Bi = 


hr 




B2 = 


hr 




C = 


hr 


' ^2 (^3' - ^4') 


D = 


16 ' 




El = 




' ^2^ {^3 - ^4) 


E2 = 




^3^4 (^3' + ^4') 


Fi = 


T28 ^ 


' ^2 {^3' - ^4'f 


F2 = 




^2 {^i^+^^ f . 



(4.3) 

We have defined these pseudo-characters in such a way that they are each normalized, 
with their first non-vanishing g-expansion coefficients equal to one. Note that the 
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names of these characters indicate their respective vacuum energies Hi, with the 
letters A through F respectively signifying vacuum energies = 0, 1/4, 3/8, 1/2, 3/4, 
and 7/8 (modulo 1). Indeed, these characters have the following explicit g-expansions: 



A 
Bi 
3B2 
C 
D 
El 

E2 

Fi 

F2 



g°(l + 4g + 14g2 + AOq^ + lOOg^ + 232g^ + 480g^ + ... 

1/4 



1 + lOg + 59g2 + 270g^ + 1044g^ + 3572g^ + lllllg^ + 



q^/\3 + lOq + Alq' + 94g^ + 260g^ + 548g^ + 1173g^ + ...) 



g"'"(l + llg + 67g2 + 308g3 + 1190g^ + 4059g^ + 12574^^ + ...) 



^3/8 

g'/'(l + 4g 



12q^ 



32q^ + 77q^ + 172g^ + 340g^ + 



^/^(l + lOg + 57g2 + 250g^ + 931g^ + 3082g^ + 9308g'' + ...] 

1/4 ( 
7/8/ 



1 + 14g + 37g^ + 134g^ + 305g^ + 786g^ + 1594g^ + ... 



1 + 7g + 37g^ + 154g3 + 557g^ + 1806g^ + 5367g^ + 



g"^/^(l + 15g + 113g^ + 590g^ + 2467g^ + 8908g^ + 28877g'' + ... 
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(4.4) 



from which we see that only the pseudo-characters E2 and F2 are tachyonic. Indeed, 
E2 serves as the effective vacuum character in this reduced system, with vacuum 
energy Hi = -1/4 = -c/24. 

Under the S modular transformation, these pseudo-characters have the following 
mixing matrix: 

1 \ 

1 

4 
2 



Si' 



1 2 











-4 








-16 








3 
4 


-2 








1 

8 


4 





16 
3 





16 
3 





32 
3 





32 
3 





-2 


3 
4 








4 


1 

8 





-1 











2 








-8 








3 
8 


1 








1 

16 


-2 





32 





32 





64 





64 


1 


1 


3 





1 


-1 


1 





4 


2 


16 


2 


32 


V 4 


8 


3 





8 


-16 


2 






3 

1 

2 



(4.5) 



4 


/ 

Thus, since ( [4.4|) indicates that each pseudo-character is an eigenfunction of T, we 
see that this set of pseudo-characters is closed under all modular transformations. 

Written in terms of these nine pseudo-characters, our modular-invariant partition 
function ( [4.1|) now takes the simple form 

Z = (Imr)-i/2||A|2 - 3{BIB2 + B;Bi) + 8\C\^ 

+ 4|D|2 + {EIE2 + EIE1) - 4 (F*F2 + F2*Fi)| . (4.6) 

Note that since only the pseudo-characters E2 and F2 are tachyonic with Hi < 0, 
the condition ( p. 26] ) is indeed satisfied. Indeed, from ( ^.6) ) we see that this partition 
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function Z contains only unphysical tachyons, and that these come in two distinct 
sets: those with m > 3/4 and n = —1/4 (and vice versa) which arise from the E 
terms, and those with m > 7/8 and n = —1/8 (and vice versa) which arise from the 
F terms. 

There are, however, two obvious features which indicate that these pseudo- 
characters are not true characters in and of themselves. The first appears, for ex- 
ample, in the g-expansion of B2 in ([4.4| ): not all of its coefficients are integers (or 
equivalently, trivially rescaling B2 3-B2, we find that not all of its coefficients are di- 
visible by its first non-zero coefficient). For a true character, this divisibility property 
is essential, since the first non-zero coefficient is the multiplicity of the vacuum state 
in that sector of the conformal field theory, and all higher states in that sector must 
share that multiplicity. The breaking of this property in our case, however, simply 
reflects the fact that B2 represents the added contributions of many such characters 
whose highest weights may indeed differ by integers. Thus this divisibility condition, 
valid for each character individually, need no longer hold for the sum. This does not 
affect the validity of the asymptotic expansions, however. 

The second feature which indicates that our pseudo-characters are not true char- 
acters is the appearance of certain vanishing elements in the S'jj-matrix (|4.5|) . As 
we have stated in previous sections, one must have Sij 7^ for all i where j repre- 
sents the vacuum sector; such a condition is necessary in order to obtain meaningful 
fusion rules in which any sector fused with the identity (vacuum) sector reproduces 
that sector 0. For our pseudo-characters, the effective vacuum sector corresponds 
to E2, yet we see that several of the corresponding matrix elements in ( [4. 51 ) vanish. 
This again represents the fact that we have taken linear combinations when form- 
ing our pseudo-characters, and causes no fundamental problem. The effects of these 
vanishing matrix elements will be discussed below. 

Given our partition function decomposed into products of pseudo-characters as in 
( [4.6| ), it is now straightforward to examine the behavior of the state degeneracies a^^ 
in each of its six sectors {A through F). Let us first focus on the expected asymptotic 
behavior of each of the nine chiral pseudo-characters individually, and determine the 
values of the inverse Hagedorn temperature C that they each separately exhibit in 
(|4.4|). Since E2 and F2 are the only tachyonic pseudo-characters, with = — 1/4 
and = —1/8, we see that the dominant growth in the g-expansion coefficients 
of each character Xi depends on the elements of the matrices Qij~^^ which couple 
the character Xi to the tachyonic sectors E2 and F2. The strongest growth will come 
from the coupling to E2, since E2 serves as the identity (vacuum) pseudo-sector with 
H = — c/24 = —1/4; such growth will be exponential with rate C = Att^I/A = 2-k. 

Couplings to F2, by contrast, produce exponential growth with C = An ^1/8 = \P1tx. 

From ( p.25| ), we see that Q^j^ oc Sij, and thus, denoting ^(xi, Xj) = ^ij-, we find that 
this growth for any character xi is determined by the values of the elements S'(xj, E2) 
and S{xi-,E2). Specifically, the g-expansion coefficients of a given Xi will experience 
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exponential growth with C = 2n if S{xi, E2) 7^ 0, and C = \/27r only if S{xi^ -^2) = 
and S{xiy F2) 7^ 0. We thus immediately find that 

{ 5i, C, El, Fi, F2 } ^ C = 27r , (4.7) 

whereas 

{A,B2,D,E2} ^ C = V2n . (4.8) 

This division into "strongly" and "weakly" growing pseudo-characters is actually 
already evident in their g-expansions ( |4.4| ). Note that this division, however, is ul- 
timately a consequence of the fact that we are dealing with pseudo-characters, and 
not true conformal field theory characters. If these had been true characters, the 
^ij-matrix elements S{xi, E2) would all have been no n- vanishing, and all characters 
would consequently experience the same maximum asymptotic growth. Physically, 
this implies that all sectors of a given conformal field theory necessarily have the 
same Hagedorn temperature, and it is only because we have here taken linear combi- 
nations of these characters in forming our pseudo-characters and pseudo-sectors that 
this dominant exponential has occasionally cancelled. Thus, organizing our calcula- 
tion in terms of pseudo-characters rather than true characters has already yielded an 
early cancellation of the sort that we are investigating. 

Combining these chiral pseudo-characters together to form the full left / right par- 
tition function (|4.6| ), we can now easily predict the rates of growth of the physical 
degeneracies a^^^^ for the six different groupings of sectors [i.e., for the A-terms con- 
tributing states with n = (modulo 1), for the combined i?-terms contributing states 
with rz = 1/4 (modulo 1), for the C-terms with n = 3/8 (modulo 1), and so forth]. 
Indeed, using ( |4.7] ) and ( [4.8|) , we can separate these six groupings of sectors according 
to the rates of exponential growth for their separate degeneracies a[^^ through a^^: 

Ctot = 47r 

Ctot = (2 + v^)7r ^ 3.41 vr 
Ctot = 2V271 ^ 2.83 TT . (4.9) 

These results are also easy to verify in terms of explicit q- and g-expansions. 
In Figs. 2 and 3 we have plotted the net physical-state degeneracies a„„ in this 
example as functions both of energy n and spacetime mass ^/n, where Z = 
(Imr)~^/^ X^mn 'J^mn^™'?"'- Thosc valucs of ttnn with 72 G 2 of course arise from the 
A sector, those with n G Z -|- 1/4 from the B sectors, etc. As in Fig. 1, we have 
plotted ±log(|an„|) where the sign chosen is the sign of ann itself; note that base-10 
logarithms are used for Fig. 2, while natural logarithms are used for Fig. 3. From 
these figures we see that this partition function indeed exhibits the expected oscil- 
lations between bosonic and fermionic surpluses as the energy n is increased, with 
wavelength An = 1 (as is evident from Fig. 2). Note, however, that the pattern of 
oscillation is now far more complex than that for the toy example of Fig. 1; this is 



I "'nn 5 "'nn J 



{ a, 
I a. 



nn ' ""nn J 



(A) JD) 
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due to the presence of six sectors A through F in this example, as opposed to the 
mere two of the toy model Plotting these degeneracies versus y/n as in Fig. 3, we see 
that the asymptotic exponential behavior for the separate sector degeneracies a^^' "'^-' 
begins quite early, and indeed straight-line fits on this logarithmic plot are accurate 
down to remarkably small values of n. From the different slopes of these lines, we can 
easily verify ( [4.9|) ; indeed, the fastest rates of growth are experienced by the C- and 
F-sectors, and the slowest by the A- and D-sectors. The signs of these individual 
sector contributions a^■■^'^^ are of course given by the signs in the partition function 
(4.6). Note that since the A- and D-sectors have both the same rate of growth and 



the same sign, they are fit remarkably well by the same asymptotic function. 

Once again, we stress that each a'^^ must grow exponentially with rate Ctot = 
An when t and i refer to true conformal field theory characters. Thus, given the 
results ([4.9| ), we see that our organization in terms of pseudo-characters has already 
enabled certain cancellations to become evident. In particular, the cancellations 
in the A, B, D, and E sectors can be viewed as a sort of "aligned supersymmetry" , 
since they represent the cancellations between different conformal field theory sectors 
whose highest weights and vacuum energies are aligned modulo 1. Indeed, this is the 
alignment which enabled us to take their linear combinations and thereby produce 
pseudo-characters which were also eigenf unctions of the T modular transformation. 

Our goal, of course, is to verify analytically that in fact all vestiges of the dominant 
exponential Ctot = 47r behavior are cancelled in the full partition function — in this 
case by virtue of a "misaligned supersymmetry" between the misaligned C and F 
sectors. While this certainly appears likely given the logarithmic plots in Figs. 2 
and 3, we must in fact verify that all terms which have this exponential growth are 
precisely cancelled when their appropriate prefactors are taken into account. This is 
not difficult, however. From the results ( |4.9| ), we see that such terms can only arise 
in the C and F sectors. Using the explicit forms of the asymptotic expansions, we 
see that the relevant exponentially-growing terms arising from the C-sector are given 

by 



c*c 



271 S{C, E2) (4n)-3/4 /„3/2(27rv/^) 



(4.10) 



while those from the F-sector are given by 



FIF2 



27rQg,^,/^,(n)] [27, Q^^Ie J E An) 

''^^Q^fIeJeM] [2vrQg,^,/i,,(n) 

= -8Re {S{F^,E2)[S{F2,E2)Y] \27i {An)-'"^ I_^/2{27i^) ^ . (4.11) 
These expressions will be equal and opposite provided 

1^(^,^2)1' = Re{S(Fi,F2)[S(F2,F2)]*} , (4.12) 
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and consulting the S'jj-matrix in ( [4 .51 ) we see that ( [4.12[ ) is indeed satisfied. Thus 
we have verified the cancellation of all terms with C = An exponential growth, and 
as a consequence the sector-averaged number of states (a„„) for this example must 
indeed grow more slowly than either of the separate C- or F-sectors (or indeed than 
any other true conformal field theory sector of the theory). 

The above cancellation is of course predicted by our general theorem, since Ctot = 
Air for the present example, and C^s niust be less than Ctot- However, our theorem 
can actually be used to predict much more. We have just seen that the C- and F- 
sectors have leading C = An terms which cancel. However, from ( |4.9|) we see that the 
next-largest growth comes from the B- and i?-sectors, with C = (2 + \/2)7r, and these 
sectors also appear to cancel in Fig. 2. We might then wonder whether all exponential 
growth also cancels for C = (2 + ^/2)n. Such a cancellation would in principle be 
far more subtle than the leading cancellation, for we have only demonstrated that 
the C- and F-sector cancellation removes the C = An terms; in particular, residual 
subleading C = (2 + v^)vr terms might nevertheless survive from these sectors. These 
residual terms would then have to combine with the leading C = (2 + \/2)ti terms 
from the B- and F-sectors in order to produce the next level of cancellation. 

However, using our theorem, it is straightforward to demonstrate that this sec- 
ondary cancellation also takes place. Note that the partition function Z in this 
example contains unphysical tachyons in the F-sectors; these sectors have Hi = 
—l/A,Hj> and vice versa. From this and the result (|3.39| ) we deduce that the 
maximum possible growth that is allowed from the leading term with a = a = 1 
is C = 2tt. We can now quickly survey the possible rates of growth that can arise 
from subleading terms with general values of a and a; these values of C are given 
in ( p.46|) , and whether or not such rates of growth actually appear is determined by 
the corresponding values of V^^'"^ in ( |3.37| ). It turns out that we do not even need to 
explicitly calculate 'P^°''"\ In the present example, growth can occur only with values 
Hj, Hj G { — 1/4, —1/8, 0}. (The value corresponds to all H, H > situations and 
also to all possible error terms, as discussed in Sect. 3; note that for a 7^ a we must 
of course permit even the possibilities with Hi = Hj.) We easily find that there exists 
no combination of values of a, a, Hi, and Hj for which C in (|3.46| ) exceeds 37r. Thus 
our theorem in this case actually precludes all exponential growth with C > 37r, and 
as a consequence any remaining subleading C = (2 + V2)7r terms from the C- and 
F-sectors must cancel exactly against the leading C = (2 + V2)n terms from the B- 
and D-sectors. 

We have therefore been able to demonstrate that although Ctot = 47r for this 
example, cancellations bring this down to Ces < 37r, in accordance with our theorem. 
This amounts to a remarkable total cancellation, reducing the sector-averaged number 
of states {ann) by more than six orders of magnitude for energies as low as n ^ 20. 
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4.2 Second Example 



Our second example is more complicated than the first, but in many ways more 
realistic. In particular, this partition function resembles those found for actual 
non-supersymmetric heterotic string theories compactified to four spacetime dimen- 
sions, and contains precisely the types of unphysical tachyons that such strings nec- 
essarily contain. This function is special, however, in that it has an exactly vanishing 
one-loop cosmological constant — i.e., even though this function is non-zero, its in- 
tegral over the fundamental domain of the modular group vanishes identically [0]. 
We will discuss the relation between misaligned supersymmetry and the cosmological 
constant in Sect. 5. 

This function is as follows |^: 



+ ^ 



12 



A^,%%' + {-iyi3\^,^kf \- (4.13) 



Given the relations ( [4.2|) , we immediately see that this function corresponds to left 
and right worldsheet theories which are tensor products of two uncompactifed bosons 
and 44 or 20 Majorana fermions respectively. These worldsheet theories thus have 
total central charges cieft = 24 and Cright = 12, and correspond to those of light- 
cone ten-dimensional heterotic strings compactified to four dimensions. We thus 
have Ctot = 2(2 -(- ^/2)7^ for this example (and indeed for all heterotic superstrings, 
regardless of spacetime dimension). The modular weight is = — 1. A decomposition 
into pseudo-characters satisfying all of the conditions of Sect. 3 and Sect. 4 can be 
achieved by defining the nine holomorphic pseudo-characters: 

= ?7-24 792V^?/(^93'-^9/) 
^ r''^2^V^/(^3^-^/) 
A3 = { 2 ^?2'^?3'^?4' (^3' + ^4') + 4 (t?3'' + ^4'') 

- 13(^2W'(^3'°-^4'°)} 

C, ^ r,-'^ {-2 ^2'^3'^^4'^ (^3' - ^4') + 4 (^3^^ - ^^') 

- 13(^?2^3^4)'(^3'° + ^4'°) + 2^2W^4'(^3' + ^4')} 
C2 = r''^2^^^3W(^3^ + ^4^) 

C3 = r''?92V^4' (^3^ + ^94') 

D, ^ {2 ^2'^3'^4' + 4 d^^^ + 13 ^2''^3'^4' 

- ^92%W(^93' + ^94')} 

= {2 ?92'^93'^94' + 4 ^2'' + 13 ?92''^3'^4' 

+ ^2V^4'(^3' + ^4')} (4.14) 
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and the nine anti-holomorphic pseudo-characters: 

B = 77-l^l?2'(^3'-'V) 

= {^2' (^3' + ^4') - 2 i^^w^^ (^3' - ^4')} 

= 77-^' ^2' (^3' + ^4')'. (4.15) 

Unhke the pseudo-characters of the previous example, we have not chosen these to 
be normahzed. As discussed at the end of Sect. 2, this will be ultimately reflected 
as a rcscaling of the elements of the modular-transformation representation matrices, 
and our above normalizations will render these matrices particularly simple. 

Like the pseudo-characters of the previous example, these pseudo-characters have 
been organized according to their vacuum energies H (modulo 1), so that those 
lettered A through D have vacuum energies — 0, 1/4, 1/2, and 3/4 (modulo 1) 
respectively. Explicit ^'-expansions for these pseudo-characters are as follows: 

Ai = 128 (3 + 52g + 292?^ + 1440g^ + ...) 

A2 = 32768 g(l + 20? + 216g^ + ...) 

A3 = 8 q-^ (1 + 36? + 78720?^ + 6803824?^ + 230743038?^ + ...) 

B = 2048 ?^/^(l + 42g + 633?^ + ...) 

Ci = 512g^/2(^53+ 134645 + 669874g2 + ...) 

C2 = 8192 (^1 + 24^ + 298?^ + ...) 

C3 = 32 5-^/2 (l + 64g + 510?^ + 2688?^ + ...) 

Di = 65536g3/^(3 + 322g + 12541g2 + ...) 

D2 = 256g-^/^(l + 894g + 85251g^ + 3243130g^ + ...) 
A = 2048g(l + 20g + 216g^ + ...) 
A^ = 8(3 + 52g + 292g^ + 1440g3 + ...) 

A^ = 32(l + 12g + 76g2 + 352g2 + ...) 

B = 128 g^/^ ( 1 + 42g + 633^2 + 6042g-'^ + . . .) 

= 128g^/^(l + 8g + 42g2 + 176g^ + ...) 

= 256 (1 + 40g + 554^2 + 4976g-'^ + ...) 

= 2q~^/^{l + 6Aq + 510(f + 2688q^ + n267q'^ + ...) 

ITi = 1024g^/^(l + 22g + 255g^ + ...) 

= 16g-^/^(l + 62g + 14lV + 16314g3 + ...) . (4.I6) 
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Note that the pseudo-characters which are tachyonic are {A3, C3, D2, C3, -D2}; indeed, 
the pseudo-characters corresponding to the "vacuum" sectors for left- and right- 
moving systems are ^3 and C3 respectively. 

These two sets of pseudo-characters close separately under the S modular trans- 
formation, with mixing matrices 
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(4.17) 



(4.18) 



Thus, since each pseudo-character is also an eigenfunction of T, each set of pseudo- 
characters is separately closed under all modular transformations. Note that the 
relative simplicity of the matrices ([4.17|) and ( |4.18| ) is due to the chosen normalizations 
of the pseudo-characters. 

In terms of these pseudo-characters, our modular-invariant partition function 
(|4.13|) now takes the relatively simple form 



(Imr) 



+ + A3 A3 

C\ C\ + C2 C3 + C3 C: 



.(4.19) 



In this form it is easy to see that Z contains unphysical tachyons but lacks physical 
tachyons, and indeed the condition ( |3.26[ ) is satisfied. 

As in the previous example, we can now easily determine the rates of exponential 
growth for each separate pseudo-character, and then for each of the four combined 
sectors {A through U) in this partition function. The results for the separate pseudo- 
characters are: 



{A3, Ci, Z^i, D^} 



C = 4n 



A4: 



{^2, B, C2, Ai, 5, C2, Z^i, 1^2} ^ C = 2v^7r 

{Ai, C3, A^, CT, ^} ^ C = 27r, (4.20) 

and once again this division into separate groups (which arises from our use of pseudo- 
characters rather than true characters) is reflected in the actual g-expansions ([4.16|) . 
From ( |4.20| ), then, we can immediately conclude that the combined B-, and C- 
sectors of the partition function experience the following exponential rates of growth: 

{a(^)} ^ C = AV2n . (4.21) 

Indeed, it is the ^3*743 and Ci*Ci terms in the partition function ( |4. 19|) which 
dominate in producing the above asymptotic behavior. 

Determining the rate of growth for the D-sector degeneracies is a bit more 
subtle, however, since the two D-sector terms D2 Di and Di D2 each separately have 
C = 2(2 + ^/2)^l growth but appear in the partition function ( [4.19| ) with opposite 
signs. Thus, a cancellation within the D-sector terms may take place which entirely 
removes this leading exponential behavior for al^\ The fastest way to see that this 
indeed occurs (and to simultaneously determine the rate of the largest non-cancelling 
exponential growth) is to define V12 = D2 ± Di and V12 = D2 ± Di respectively. 
The D-sector terms in the partition function then become 

\{d-2*D,-D;*D2) = 1{V-2*V,-V;*V2) , (4.22) 

but consulting the matrices ( |4.17| ) and ([4.18|) , we now find 

S{VuA,) ^ 0, 

S{V2^A^ = 0, SiV2,Cs) ^ 0, 
S{V;,Cs) ^0, 

S{V~2,C;) = 0, SiV;,D~2) = 0. (4.23) 

This means that these new V and T) combinations have the following exponential 
rates of growth: 

Vi ^ C = Att 
{V2, PT} ^ C = 2V2n 

^ C < V2tt . (4.24) 

Note that the growth for V2 is extraordinarily suppressed relative to the others, with 
all leading a = 1 terms in its expansion vanishing. We thus easilyQ find that the 
dominant growth comes from the Vi V2 term in ( [4. 221) , with 

{of^ ^ C = aV2^. (4.25) 

* The reader may therefore wonder why we did not define I?i,2 and Pi, 2 to be our pseudo- 
characters originally. There are two reasons. The first is that if we had expressed our partition 
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These rates of growth for the individual sector degeneracies al^'^''"'^^ which are 
given in ([4.21|) and ( [4 .251 ) can also be verified by explicitly expanding Z as a function 
q and q, Z = (Imr)~^ '^mn^™Q'"'- In Fig- 4 we have plotted the resulting physical 
degeneracies a„„ as a function of n, following the conventions of our earlier figures. 
We once again observe the appearance of a "misaligned supersymmetry" , with al- 
ternating signs for the net numbers of physical states. The largest rate of growth 
comes from the A- and C- sectors, in agreement with ( [4.21|) , and the smaller rate of 



growth is experienced by the B- and D- sectors, in agreement with ( [4.21| ) and ( [4.25| ). 



The presence of only four sectors in this example renders the pattern of oscillation 
significantly simpler than that for the first example we considered. 

Let us now determine the extent to which the "misaligned supersymmetry" in 
this example implies an exact cancellation of functional forms for the sector-averaged 
number of states (ctnn)- As we have seen, this partition function corresponds to 
a worldsheet conformal field theory with cieft = 24 and Cright = 12, and therefore 
each individual conformal field theory sector (ti) of the theory separately experiences 
leading exponential growth with Ctot = 2(2 + \/2)7i ^ 6.837r. We thus easily see that 
the Ceff for this theory is less than Ctot, for our organization in terms of the above 
pseudo-characters has made the cancellation of this leading C = 2(2 + ^/2)^l term 
manifest within each of the four sector-groupings, A through D. Hence, the strictest 
prediction of our theorem is in fact already trivially verified for this example, with 
Ctot = 2(2 + V2)tt and Ces < Qtt. 

However, just as in the previous example, we might suspect that even further 
cancellations necessarily follow as a result of our theorem, and this is indeed the case. 
The next largest rates of growth are, of course, C = Gvr from the A- and C-sector 
groupings, and C = 4a/2 tt ^ 5.667r from the B- and Z)-sector groupings; cancellations 
of these respective rates of growth would require first that the leading terms within 
the A- and C-sectors cancel directly, and then that the remaining subleading terms 
with C = 4^/2 vr from these sectors cancel against the leading terms from the B- and 
D-sectors. However, our theorem can also be used to demonstrate that both of these 
cancellations also occur, for the theorem guarantees that the largest contribution 
from the a = a = 1 leading terms is that due to the unphysical tachyon in the A^ A^ 
term, yielding only Ccs = 47r, while the largest subdominant term with a > 1 and/or 



function solely in terms of the V pseudo-characters, the condition (3.26) would not have been 
satisfied, since all of the V pseudo-characters are tachyonic with H < (as opposed to only two 
of the D pseudo-characters). Thus, the structure of the physical and unphysical tachyons in this 
example would have been less apparent, and one would have needed to verify explicitly via q- and 
g-expansions of the partition function that all physical tachyons are indeed cancelled. The second 
reason concerns the I'-combinations themselves, for their q-expansion coefficients are not all of the 
same sign for all n (indeed, both I?2 and I?2 have g-expansion coefficients which are negative at 
small n but positive for large n). This is related to the fact that the leading asymptotic terms 
vanish for these V combinations, and that the various subleading terms have different signs. It thus 
requires greater values of n for one of these subleading terms to become dominant, and thereby fix 
a sign for the coefficients as n — > cx). 
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a > 1 is easily found to be that with {a, a) = (1,2) and {Hj,Hj) = (—1,-1/2), 
yielding only C = (4 + ^/2)'^■ ^ 5.4l7r. 

Thus we conclude that the leading terms from all four of our sectors cancel com- 
pletely in this case, with the contributions from the A-, B-, C-, and D-sectors all can- 
celling with each other as a result of the misaligned supersymmetry. Indeed, despite 
the separate rates of growth given in (|4.21| ) and ( [4.25|) , we find that Ces < (4 + -\/2)vi"- 



This is an extraordinary cancellation for {ann), amounting to nearly eight orders of 
magnitude for energies as small as n 10. 

4.3 Ces and the Subleading Terms 

In the previous two examples, we witnessed some remarkable cancellations, with 
all of the leading a = a = 1 terms cancelling in the summation over sectors leading 
to (ann)- Indeed, in each case we were able to explicitly demonstrate that the value 
of CefT was at most that of the largest subleading term with either a > 1 or a > 
1. Given these results, then, it is naturally tempting to take the next step, and 
determine whether any further cancellations occur between the purely subdominant 
contributions with either a or a greater than 1. Indeed, we shall see in Sect. 5 that this 
second example is somewhat special by virtue of its vanishing one-loop cosmological 
constant [0, and we would therefore anticipate that many more cancellations should 
occur for this case in particular. (This function is special for other reasons as well; 
a detailed discussion of this function and its properties can be found in Ref. 
Moreover, we conjectured at the end of Sect. 3 that all subleading terms should 
cancel in general, resulting in an ultimate value Ces = 0. This would of course 
require an infinite number of additional cancellations, for there are an infinite number 
of subleading terms contributing smaller and smaller values of C. 

Regrettably, however, it is not possible to proceed any further for these examples, 
and check explicitly whether such additional subleading cancellations actually occur 
using the asymptotic-expansion formalism presented in Sects. 2 and 3. The reason, as 
briefly mentioned at the end of Sect. 3, concerns the suitability of these asymptotic 
expansions for situations (such as our calculation of (a„„)) in which the energy n 
is treated as a continuous variable. In particular, recall the form of the final result 
( |3.36| ): the coefficients '^j"'"'* with either a > 1 or a > 1 are precisely the coeffi- 
cients which determine whether such subleading terms survive the sector-averaging 
process. It turns out, however, that the definition of these coefficients given in ( |3.37| ) 
is ultimately unsuitable for the a,a > 1 cases. 

In order to see why this is so, let us first recall the original derivation of the 
asymptotic expansions in Sect. 2. The asymptotic expansions of the coefficients of 
any individual character Xi{Q) ^ire given in ( |2.10[ ), and in particular the coefficients 



Q^"^ are given in ( p.ll| ). Later in Sect. 2, we evaluated these coefficients explicitly. 



with the results listed in ( p.25|) , ( p.27|) , ( p.31|) , and (|2.32|) . It was important for 



the consistency of these results and for the validity of the asymptotic expansions in 
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general that these coefficients Q be real quantities; since each value of a ultimately 
corresponds to a different rate of exponential growth for the chiral degeneracies 
there is no way that complex coefficients Q\J^ can combine to yield a value of which 
is real for each value of n. However, while the dominant coefficient Q^^^ is indeed real 



for all values of n, the results given for all of the Qlj with a > 1 implicitly assumed 

ng again the steps 

that n G 2, we actually obtain 



(3) 

that n G 2. For example, tracing again the steps leading to Q-,- and not assuming 



Q 



(3) 



2 Re 



(ST'S),, exp 



27ri 



(n 



(4.26) 



instead of ( p.31|) . While this result of course reduces to (|2.31|) for n G Z, for other 
values of n this quantity is actually complex, with phase e~*'^". This phase is in fact 
the same for all of the a > 1 coefficients, with the modifications to the other values 
of Q\"^ taking the same general form as ( ^.261 ). 

This observation is very important, because ultimately these coefficients Q\J^ 

became the building blocks of the coefficients Pjj''"^ defined in ( p.37| ), and these are 
precisely the quantities whose values determine whether or not the subleading terms 
cancel. There is thus no guarantee that the coefficients Pj"'"'^ with a > 1 and/or 
a > 1 will be real, and in fact the ffist non-cancelling subleading term in the second 
example we examined turns out to be complex. We thus see that the very definitions 
of Pjj''"^ for a > 1 and/or a > 1 are unsuitable as coefficients in the asymptotic 
expansions for the sector-averaged quantities {flnn)-, and that an intrinsically different 
sort of asymptotic expansion is necessary. Note that this is the same conclusion we 
reached at the end of Sect. 3. Indeed, what is needed is an asymptotic expansion 
which is calculated directly for sector-averaged quantities such as (cnn) in which the 
energy n is to be regarded as a continuous or "sector-averaged" variable. Such an 
expansion would also hopefully have many of these cancellations built in at an early 
stage, and thereby enable us to efficiently determine the precise value of Ceg and the 
behavior of (a„„) as n ^ oo. We shall outline the steps by which such an expansion 
might be obtained in Sect. 6. 

Note, however, that the lack of such a suitable asymptotic expansion does not 
affect the primary cancellations of the leading terms with (a, a) = (1,1), and in 
particular the validity of our theorem relies upon cancellations between only these 
terms. Thus, our result that Ccg < Ctot, and its implications concerning "misaligned 
supersymmetry" , remain unaltered. 



48 



5 Finiteness and the Cosmological Constant 



As discussed in the Introduction, modular invariance and the absence of physical 
tachyons are the conditions which guarantee finite loop amplitudes in string theory. 
Since these are also the conditions which yield the "misaligned supersymmetry" , it 
is natural to interpret the resulting boson/fermion oscillation as the mechanism by 
which the net numbers of states in string theory distribute themselves level-by-level 
so as to produce finite amplitudes. In this section we will provide some evidence for 
this by focusing on the simplest loop amplitude in string theory, namely the one-loop 
vacuum polarization amplitude or cosmological constant, defined as 

A= f-^Z{r,r)= / -^(Imr)'=E«™nrg". (5.1) 

Here T is the fundamental domain of the modular group, 

= {r|lmr>0, -|<Rer<|, |r| > l} , (5.2) 



and one is instructed to integrate over ti = Rer in (|5.1| ) before integrating over 
r2 ^ Im T in the T2 > 1 region. 

The first thing we notice about is that contributions to A come from both 
the physical states with m = n, and the unphysical states with m ^ n. This arises 
because the fundamental domain J-' consists of two distinct regions in the complex 
r- plane: an infinite rectangular-shaped region J-'i with Imr > 1, and a curved region 
JF2 with Imr < 1. Integrating over the rectangular region J-'i, we see that only the 
physical states with m = n contribute, for the contributions from terms in (|5.1|) with 
m ^ n are cancelled in the integration over ri. However, since the curved second 
region T2 does not extend the over the full range — | < ri < the unphysical 
contributions from this part of the integration are not completely cancelled, and 
unphysical (or "off-shell" ) states with m ^ n thereby contribute to loop amplitudes. 

This would in principle cause a problem for us, since our result concerning mis- 
aligned supersymmetry applies to only the physical states with m = n.P] Furthermore, 



even after the ri-integration is performed in (5J), one is left with the integration over 
r2, and it is not readily clear how our result concerning the coefficients a„„ will then 
translate into a result concerning the finiteness of A. In particular, note that (|5.1| ) 
is manifestly finite if the spectrum is free of physical tachyons, since the presumed 
modular invariance of the theory has already been used to truncate the region of 
r-integration to the fundamental domain JF and thereby avoid the dangerous ultra- 
violet r — > region. Thus the finiteness of (^.1|) only implicitly rests on the behavior 



of the state degeneracies, and it is difficult to see how to directly relate the two. 



* It is a trivial exercise, however, to extend the result in Sect. 3 to apply to unphysical states as 
well; indeed, these unphysical states also experience analogous "misaligned supersymmetries" with 
analogous boson/fermion oscillations. 
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All of these problems can be circumvented, however, due to a remarkable result of 
Kutasov and Seiberg which expresses the one-loop cosmological constant directly 
in terms of only the physical-sta.te degeneracies, and which does so without subsequent 
r2-integrations. Their result is as follows. Let us first define the quantity 



9[ 



Ts) = r'^^ dnZ{n,T2) . (5.3) 

J-l/2 



Substituting the general g-expansion for Z given in ( |5.1j ) and performing the ri- 
integration, we easily find that g{T2) receives contributions from only the physical 
states: 

g{T2) = exp(-47mr2) . (5.4) 

n 

Indeed, we can interpret g{r2) as being a regulated measure of the total number 
of physical states in the theory, with T2 serving as the cutoff which regulates this 
divergent quantity. Therefore lim^j^o ^'(''"2) might be interpreted as giving the total 
number of states without any cutoff. One would naively expect this quantity to 
diverge, since k is negative in most situations of interest and since Yl,n (^nn is formally 
a divergent quantity. However, Kutasov and Seiberg show that this limit is actually 
finite in any modular-invariant theory which is free of physical tachyons, and moreover 

3 

lim g{T2) = - A . (5.5) 

This result is quite general, and applies to all partition functions Z which are free 
of physical tachyons [i.e., which have a„„ = for all n < 0), and whose unphysical 
tachyons are not too tachyonic. Explicitly, this latter condition states that Z must 
have non-zero values of only for m > itlq and n > uq where mo, no > —1. Results 
similar to ( |5.5|) can nevertheless be obtained for cases in which this last condition is 
violated §. 

The result ( |5.5| ) is quite powerful, since it enables us to formally calculate the 
complete one-loop cosmological constant (|5.1| ) given knowledge of only the physical 



state degeneracies. Indeed, this implies that the assumed modular invariance of Z is 
sufficiently strong a constraint that these physical degeneracies themselves determine 
the contributions to A from the unphysical states as well.[| However, ( |5.5| ) can also 
be interpreted as a severe constraint on the distributions of the physical states in any 
tachyon-free modular-invariant theory, for somehow the net degeneracies {flnn} in 
(|5.4|) must arrange themselves in such a way that lim^2_^o fi'(''"2) is finite. Indeed, such 
an arrangement is evidently precisely what is required to yield finite amplitudes. 
Thus, via this result (|5.5|) , we are furnished with a mathematical condition on a 
modular-invariant set of degeneracies {onn} which is necessary and sufficient to yield 

Note that this does not fix the actual number and distribution of unphysical states, but instead 
determines only their total integrated contribution to A. 
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a finite one-loop cosmological constant: 



or explicitly, 



lim g{T2) < oo , (5.6) 

T2-+0 



lim T2'' a„n exp(— 47rr2n) < 00 . (5.7) 

T2^0 



For physical situations in which the modular weight k is negative {i.e., for D > 2), 
this in fact requires 

lim y~] ann exp(— 47rr2ra) = . (5.8) 

A priori, there are any number of conceivable distributions {a„„} which might 
satisfy the finiteness condition ( [5.8| ), and this condition alone is therefore not suf- 
ficiently restrictive to predict the resulting behavior for the actual distribution of 
physical states. For example, simple distributions which trivially satisfy ( |5.8| ) with 
n e Z include a„„ = {n^ - n - \)/{n^ - \Y for n > 1, or a„„ = - (1 - r)"^5n,o 
for all > and r < 1. The condition ( |5.8| ) can nevertheless be used to rule out 
certain behavior for the net degeneracies a„„. For example, it is straightforward to 
show that if a„„ ~ ^-b^c^ with C > as — > 00, then 

9{t2) ~ {r2r'^~'/' exp (^^) as - . (5.9) 



Thus the finiteness condition (|5.8|) cannot be satisfied for any B and C, and as a 
consequence all direct exponential growth for the net degeneracies {flnn} is prohibited. 

Without knowledge of misaligned supersymmetry and the resulting boson/fermion 
oscillation, this last result would seem quite remarkable, since we know that each in- 
dividual sector contributes a set of degeneracies {a^^} which does grow exponentially 
with C = Ctot- Indeed, Ctot is the inverse Hagedorn temperature, and it is precisely 
this exponential growth which is responsible for the famous Hagedorn phenomenon 
which is thought to signal a phase transition in string theory. 

However, misaligned supersymmetry and the resulting boson/fermion oscillation 
now provide a natural alternative solution which reconciles the finiteness condition 
with growing behavior for which |a„„| — > 00 as n — > 00. Indeed, we can 



easily see that such oscillations permit many growing solutions to ( |5.8|) ; for example, 
simple distributions such as a„„ = (— l)"n^, a„„ = (— l)"n^, a„„ = (— l)"(n — n^), 
and ann = {—l)^{2n^ + n^) all non-trivially satisfy (|5.8| ), where the factor of (— 1)*^ 
is meant to illustrate the alternating-sign behavior for a„„ which is implicit in the 
boson/fermion oscillations. In fact, we can easily show that (|5.8| ) is satisfied for any 
O'nn = {—^)^f{n) provided the function f{n) is even in n, with a Taylor-expansion of 
the form f{n) = X^fcLi c^n'^'^ with no constant term. The argument goes as follows. 
Since 

£ (-l)"e-^-'^ = \ = - + -( '"^f"^ ] , (5.10) 
^0 l + e-4--2 2 2 VI + cosh47rr2y ^ ^ 
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we have 



(5.11) 

But now we see that the derivatives remove the contributions from the additive factor 
of I within the braces, and of course the remaining term within the braces is odd in 
T2. Thus we find that g{T2) itself is an odd function of T2, and since g{T2) is continuous 
at T2 = 0, we have limr^^o g{'T2) = 0. 

This heuristic argument demonstrates that the non-trivial critical ingredient in 
the success of all of these functions is their pattern of oscillation which is represented 
schematically by (—1)". Indeed, it is precisely this oscillation which permits solutions 
for which |a„„| — 00 as n ^ 00 to satisfy ( p.8| ), and which therefore renders the 
Hagedorn-type growth of the separate numbers of bosonic and fermionic states in 
string theory consistent with the finiteness condition ( |5.(^ ). 

Of course, our complete result predicts much more than this, yielding not only the 
overall boson/fermion oscillation, but also detailed information concerning both the 
actual asymptotic forms of the degeneracies ann as n ^ 00, and their cancellations 
upon sector-averaging. Indeed, our result demands that all traces of the leading 
exponential behavior with C = Ctot must cancel, and we have seen that our theorem 
very often implies that many subleading terms with smaller values of C must cancel 
as well. The examples presented in Sect. 4 showed that these cancellations can in 
fact be quite subtle, with the subleading terms from one sector cancelling against the 
leading terms from another sector, and we found that the combined effect of these 
successive cancellations was often quite dramatic. 

However, the result ( ^.8|) now presents us with a slightly different tool in inter- 
preting these cancellations. The vanishing of the limit ( p.8| ) depends crucially on two 
seemingly-separate properties of the degeneracies {a„„}: their high-energy behavior 
for large n must be such that this limit converges, and then the value at which this con- 
vergence takes place must exactly balance the contributions to the limit which come 
from the loxv-energy states. Let us focus for the moment on the high-energy states, 
and consider the question of convergence. We have seen that oscillatory asymptotic 
behavior for the generically yields convergence, with the rapid fluctuations in 

some sense cancelling each other and yielding no net contribution to ( ^.8|) . This is 
precisely the content of our main result, which asserts that all traces of the C = Ctot 
behavior of each individual sector are removed in the sector-averaged quantity (a„„). 
In this sense, then, we might approximate the a„„ for asymptotically high values of 
n in ( p.8| ) by (ann), and work only with the net functional form that this quantity 
represents. 

However, assuming that this replacement is justified at high n, we now reach an 
interesting conclusion. The asymptotic behavior of (arm) is governed, of course, not 
by Ctot, but by Ces- Thus, if Ces 7^ 0, then even the value of (a„.„) experiences 



52 



exponential growth, for there must remain subleading terms in (a„„) with C = Ces 
whose contributions remain uncancelled. But even this residual exponential growth 
would be dangerous for the convergence of ( [5. 81 ), for we have seen in ( |5.9| ) that any 
net exponential growth causes g{T2) to diverge as T2 — 0. Thus we would conjecture 
that we must in fact have 

as = (5.12) 

for any modular invariant theory which is free of physical tachyons. Indeed, this would 
require that all exponential growth cancel in the sector-averaging process, whether 
this growth is leading or subleading. This would of course necessitate an infinite 
number of cancellations, for there are indeed an infinite number of such subleading 
terms whose cancellations would necessarily become more and more intricate and 
inter-related. 

Given the conjecture Cefr=0, let us now carry this argument one step further, and 
proceed to examine the situation with polynomial growth, 

(ann) ~ n% e > . (5.13) 

For theories without physical tachyons, the cosmological constant A is finite, and 
thus the finiteness condition ( |5.7| ) implies 

lim V ann exp{-ATTT2n) ~ T2'^ . (5.14) 

Once again assuming that we can replace a„„ by the sect or- average (a„„), we thereby 
obtain the constraint 

lim exp(— 47rr2n) ~ T2~'' , (5.15) 

and since 

lim ( ^4-] T exp{-4nT2n) ~ ( ( --^) ~ {t2)-^'+'^ , (5.16) 

we find e = k — 1. Similar arguments can also be used to show that for /c < 0, we 
must have {ann) ^ as — > cxd (indeed, for = the fastest allowed growth for 
{ann) is ~ r" with r < 1). Thus, as n ^ oo, we have 

, , 7 JO forA;<0 



These conjectures ( |5.12|) and (|5.17|) are certainly appealing on aesthetic grounds. 
Moreover, these are in fact the same conjectures that we made at the end of Sect. 3 
on the basis of a comparison between our two-variable theorem and its one-variable 
counterpart. This remarkable agreement indicates that there exists a certain logical 
internal consistency to these conjectures, and it would be interesting to see if a proof 
could be constructed using what would necessarily be a fundamentally different type 
of asymptotic expansion for (a„„). We shall briefly outline the inital steps by which 
such an expansion might be obtained in Sect. 6. 
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6 Concluding Remarks 



In this paper we have been able to prove a general theorem concerning the dis- 
tributions of physical bosonic and fermionic states in any theory which is modular- 
invariant and which contains no physical tachyons. This result is therefore especially 
applicable to string theories lacking spacetime supersymmetry, and we demonstrated 
that despite the absence of such supersymmetrics, a "misaligned supersymmetry" 
must nevertheless survive in which any surplus of bosonic states at any mass level 
implies a surplus of fermionic states at a higher mass level, which in turn implies a 
surplus of bosonic states at a still higher level, etc. We demonstrated that this oscil- 
lation may be responsible for the finiteness of string amplitudes by considering the 
case of the one-loop cosmological constant, and also showed that our general theorem 
is the natural mathematical generalization of some powerful one-variable theorems in 
modular-function theory to the physically relevant cases of partition functions Z{q, q) 
of two variables. Our analysis also introduced a new quantity, the so-called "sector- 
averaged" number of states (a„„), which may well be relevant for the asymptotic 
behavior of string amplitudes at high energy, and we made a conjecture concerning 
its behavior as n oo. 

There are nevertheless a number of possible extensions to our results which we 
shall now briefly indicate; these will hopefully become the subjects of future research. 
First, we have only considered the general question of finiteness as it pertains to the 
case of the one-loop cosmological constant, yet a demonstration that our misaligned 
supersymmetry implies finiteness to all orders for all n-point functions (or even finite- 
ness for all one-loop amplitudes) would be a far more difficult task. In particular, 
such functions depend on knowledge of the interactions, and not just the numbers 
of physical states. Second, such investigations would almost certainly also involve 
the examination of the behavior of the degeneracies of the unphysical (or so-called 
"off-shell") states in string theory; indeed, our focus in this paper has been on the 
physical states, and it was only due to the result of Kutasov and Seiberg discussed 
in Sect. 5 that this was sufficient for discussing the finiteness of the one- loop cos- 
mological constant. We expect that the unphysical states also experience analogous 
asymptotic cancellations and misaligned supersymmetrics, however, for the degenera- 
cies and distributions of the unphysical states are closely tied by modular invariance 
to those of the physical states. 

A third issue which we have mentioned at various points in this paper concerns 
the suitability of the asymptotic expansions presented in Sect. 2 as building blocks 
for the asymptotic expansions of the sector- averaged number of states (a„„); not 
only are there problems with the behavior of certain subleading coefficients, but the 
forms of these expansions themselves are somewhat cumbersome for our purposes, 
with successive cancellations occurring in highly non-trivial ways which do not lend 
themselves to general analysis. The structure of the error terms in these expansions 
also prohibited a more powerful conclusion concerning the ultimate value of Ceff, and 
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in particular we have conjectured on other grounds that in fact Cefr = 0. One might 
therefore hope instead for a reformulation of these asymptotic expansions, for a new 
derivation which would proceed directly from the definition of {arm) in a manner 
analogous to that of Refs. and 0. We can in fact see fairly quickly how such a 
derivation might be formulated. Starting directly from the contour integrals in ( |2.6| ), 
we would immediately combine the holomorphic and anti-holomorphic sectors of the 
theory, 

0^ = = ^U-gidg . (6.1) 



47r2 7 ^ (gg)"+^ 

Note we are here using the shifted variables n from the beginning, as discussed in 
Sect. 3, and therefore n is not necessarily an integer. Also note that q and q are to 
be regarded as independent variables in this analysis, with each independently taking 
values along its respective contour. We would then multiply ( |0|) by N^i and sum 
over (f, i) in order to build an expansion for (a„„) directly, yielding 

Kn) = -7-2 fdqfdq\^N,, = — f dq i dq 



Att^ J V ^ ^ " (gg)"+^ 47r2 J V ^ (gg)"+^ 

(6.2) 

Note that the second equality above follows from the presumed independence of n 
and i, which is the essence of the sector-averaging. However, we now recognize that 
the numerator of the final expression in ( |6.2| ) is nothing but the partition function 
Z{q,q) without its factor (Imr)*^. We thus simply have 

where we have generalized Imr {t — r)/(2i) (as is necessary for the invariance 
of Z under simultaneous identical modular transformations of q and q). Thus, we 
see already that the behavior of (ann) now directly depends on the behavior of the 
partition function Z{q,q) as q and q approach the singular points on their respective 
unit circles, and all cancellations between the expansions of the individual characters 
comprising Z have already been incorporated. One could therefore hope to begin 



afresh from ( |6.3| ), and derive an asymptotic expansion directly for {ann) in which 
a minimum of unnecessary cancellations appear and the error terms are minimized. 
Such a derivation would presumably parallel the steps and analyses given in Ref. 
for the simpler case of the one- variable function Xi{q)y although the appearance of 
two independent variables q and q will of course introduce new subtleties. 

Finally, let us mention some potential applications of our results. Perhaps the 
most important concerns the general question of supersymmetry-breaking in string 
theory; our results concerning a residual misaligned supersymmetry are of course 
quite general, and thus it should be possible to use them to constrain the possi- 
ble supersymmetry-breaking scenarios in string theory. For example, it would be 
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interesting to understand on a deeper level the relation between our misaligned- 
supersymmetry theorem and the various soft-supersymmetry breaking theorems in 
string theory. This would no doubt entail developing a dynamical understanding of 
the types of symmetry-breaking terms which, while breaking super symmetry, never- 
theless preserve the cancellation of the functional forms which describe the separate 
distributions of bosonic and fermionic states. Note, in this regard, that our results 
clearly preclude any supersymmetry-breaking scenario in which, for example, the en- 
ergies of fermionic states are merely shifted (even infinitesimally) relative to those of 
their bosonic counterparts. Rather, misaligned supersymmetry requires that any such 
energy shifts must be simultaneously accompanied by the introduction or removal of 
a certain number ^{n + An) — $(n) of extra states, where $(n) is the asymptotic 
function describing the density of bosonic or fermionic states and An is magnitude 
of the induced energy shift. 

Another application of our results concerns string theory at the hadronic scale, 
and the implications of our results as they relate to the effective "QCD strings" 
which model hadron dynamics. There have in fact been some recent developments 
in this area. Interpreting the various bosonic states in such hadronic string theories 
as individual mesons, and assuming that one can similarly model the corresponding 
fermionic string states as baryons |0, it has recently been demonstrated 0] that the 
actual numbers and distributions of the experimentally observed meson and baryon 
states are not in disagreement with the oscillations resulting from misaligned super- 
symmetry. Indeed, since it is never possible to experimentally survey the infinite 
range of energies necessary in order to test modular invariance directly, such oscil- 
lations generally serve as the only profound yet indirect experimental "signature" 
of modular invariance which is "local" in energy (acting level-by- level) and thereby 
experimentally accessible. It has even been possible, using both the Kutasov-Seiberg 
result and the misaligned supersymmetry, to make concrete predictions 0, |^ con- 
cerning the appearance and structure of new hadronic states. 

The forms of these asymptotic expansions themselves have also played an impor- 
tant role in recent analyses of the hadronic spectrum [|T0|. It has long been known 
that the Hagedorn-type rise of the number of meson states as n — >■ cxd is indicative 
of an effective string-like picture underlying the color flux tube in mesons, and by 
fitting the simple Hagedorn exponential form a„ ~ ji-b^c^ ^j^g meson spectrum 
one obtains |Tl| the well-known result = ~ 160 MeV [where a', the Regge 
slope, is taken to be 0.85 (GeV)~^]. From this one can directly calculate the central 
charge of the effective "QCD string" underlying meson spectroscopy, obtaining c ~ 7. 
However, this result is in strong disagreement with the majority of QCD string pro- 
posals which have c ~ 2, and indeed alternative analyses of the central charge of the 
QCD string which compare the results of the effective static-quark potential with 
data also predict c ~ 2. It has recently been demonstrated |0, however, that the 
conflict between these two results arises from the incorrect application of the sim- 
ple Hagedorn form n~^e^^ to data which is not sufficiently asymptotic in energy. 
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Indeed, using the complete asymptotic forms discussed in this paper (most notably, 
the replacement of the above Hagedorn exponentials by Bessel functions) profoundly 
alters the results, and yields new estimates of the Hagedorn temperature which are 
now in agreement with the result c ~ 2. Thus these asymptotic expansions, derived 
from the principles of modular invariance and conformal invariance, also turn out 
to have wide-ranging applications beyond their primarily theoretical interest. Taken 
together, then, these recent results demonstrate that the observed hadronic spectrum 
is consistent with an underlying string theory in which modular invariance plays a 
significant role. 

There have also been other recent efforts to compare the rigorous predictions of 
string theory with the predictions of QCD. Those which are most closely related to 
the ideas of this paper include attempts to construct a toy model of QCD which 
analytically exhibits an infinite number of Regge trajectories, an exponential rise in 
the number of meson states, and a Hagedorn deconfining transition. It has recently 
been shown |jl2| that two-dimensional QCD coupled to adjoint matter has precisely 
these properties, and this has sparked efforts to determine whether the spectrum 
of states predicted in such models is consistent with the Kutasov-Seiberg constraint 
(|5.8|) . Since this is in general a difficult constraint to verify, it might be interesting 
(and simpler) to determine whether the spectrum of this model exhibits a misaligned 
supersymmetry. This would indeed be powerful evidence for the applicability of 
string-like ideas to the realm of QCD. 

Finally, of course, we remark that our result concerning misaligned supersymme- 
try and the cancellation of the separate bosonic and fermionic functional forms is, 
due to its generality, relevant for all physical situations in which (a„„), rather than 
anni plays a role. This thereby includes all areas, such as string thermodynamics or 
the high-energy behavior of string scattering amplitudes, in which the physics is de- 
termined by the high-energy asymptotic behavior of the physical-state degeneracies. 
Indeed, the full consequences of the reduction of the effective degeneracy exponen- 
tial growth rate from Ctot to Cefr are likely to be significant and far-reaching. An 
investigation of some of these issues is currently underway. 



Acknowledgments 

I am pleased to thank A. Anderson, D. Kutasov, C.S. Lam, R. Myers, D. Spector, 
H. Tye, and E. Witten for fruitful conversations. I also wish to acknowledge the 
hospitality of the Aspen Center for Physics, where portions of this paper were written. 
This work was supported in part by NSERC (Canada) and les fonds FCAR (Quebec). 



57 



References 

[I] G.H. Hardy and S. Ramanujan, Proc. London Math. Soc. 17, 75 (1918). 
[2] I. Kani and C. Vafa, Commun. Math. Phys. 130, 529 (1990). 

[3] J.R. Cudell and K.R. Dienes, |hep-ph/ 920724^ , Phys. Rev. Lett. 69, 1324 (1992). 

[4] M. Abramowitz and LA. Stegun, eds., Handbook of Mathematical Functions 
(Dover, New York, 1965). 

[5] E. Verlinde, Nucl. Phys. B300, 493 (1988); R. Dijkgraaf and E. Verlinde, Nucl. 
Phys. Suppl. 5B, 110 (1988); G. Moore and N. Seiberg, Phys. Lett. 212B, 451 
(1988). 

[6] N. Koblitz, Introduction to Elliptic Curves and Modular Forms ( Springer- Verlag, 
New York, 1984). 

[7] K.R. Dienes, Phys. Rev. Lett. 65, 1979 (1990). 

[8] D. Kutasov and N. Seiberg, Nucl. Phys. B358, 600 (1991). 

[9] RG.O. Freund and J.L. Rosner, Phys. Rev. Lett. 68, 765 (1992). 

[10] K.R. Dienes and J.R. Cudell, [hep-th/9309T26| , Phys. Rev. Lett. 72, 187 (1994). 

[II] R. Hagedorn, Nuovo Cimento 56A, 1027 (1968). 



[12] D. Kutasov, |hep-th/93060T3i Nucl. Phys. B414, 33 (1994); G. Bhanot, 
K. Demeterfi, and I.R. Klebanov, hep-th/9307111, Phys. Rev. D48, 4980 
(1993); K. Demeterfi, I.R. Klebanov, and G. Bhanot, hep-th/9311015, Nucl. 
Phys. B418, 15 (1994); J. Boorstein and D. Kutasov, hep-th/9401044, Nucl. 
Phys. B421, 263 (1994). 



58 



Fig. 1: The net number of physical states ann for the toy model (|1.14|) , plotted versus 
the energy n [equivalently the spacetime (mass)^]. Negative values of ± log;^o(l'^nnl) 
are plotted for a„„ < 0. Also sketched is the sector-averaged number of states (a„„), 
assuming a cancellation scenario with Ces = Ctot/4. 
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Fig. 2: The net number of physical states ann for the partition function (|4.6| ), plotted 
versus worldsheet energy n as in Fig. 1. The complex pattern of oscillation is due 
to the presence of six sectors in this theory; the "wavelength" of this oscillation is 
nevertheless An = 1. 



60 



Fig. 3: The net number of physical states a^n for the partition function (|4.6| ), now 
pfotted versus spacetime mass ^Jn. Note that the asymptotic exponential growth for 
each sector begins quite early, with the sign of each a„n determined from the partition 
function ([4.61). 
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Fig. 4: The net number of physical states a„„ for the partition function ( ^.191 ), plotted 
versus energy n as in Fig. 1. This partition function has a one- loop cosmo logical 
constant which vanishes identically (see Ref. [0), and — like the partition functions 
of heterotic string theories built from periodic/anti-periodic worldsheet fermions — 
contains exactly four sectors. 
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